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Abstract

We develop the theory of hypothesis testing based on the e-value, a notion of evidence
that, unlike the p-value, allows for effortlessly combining results from several studies in the
common scenario where the decision to perform a new study may depend on previous out-
comes. Tests based on e-values are safe, i.e. they preserve Type-I error guarantees, under
such optional continuation. We define growth-rate optimality (GRO) as an analogue of
power in an optional continuation context, and we show how to construct GRO e-variables
for general testing problems with composite null and alternative, emphasizing models with
nuisance parameters. GRO e-values take the form of Bayes factors with special priors.
We illustrate the theory using several classic examples including a one-sample safe t-test
and the 2 x 2 contingency table. Sharing Fisherian, Neymanian and Jeffreys-Bayesian
interpretations, e-values may provide a methodology acceptable to adherents of all three
schools.

Keywords: Bayes Factors, E-Values, Hypothesis Testing, Information Projection, Op-
tional Stopping, Test Martingales

1 Introduction and Overview

We wish to test the veracity of a null hypothesis Ho, often in contrast with some alternative
hypothesis H1, where both Hy and H; represent sets of distributions on some given sample
space. Our theory is based on e-test statistics. These are simply nonnegative random variables
that satisfy the inequality:

for all P € Ho: Ep[E] < 1. (1)

We refer to e-test statistics as e-variables, and to the value they take on a given sample as the
e-value, emphasizing that they are to be viewed as an alternative to, and in many cases an
improvement of, the classical p-value. Note that large e-values correspond to evidence against
the null: for given e-variable E and 0 < a < 1, we define the threshold test corresponding to



E with significance level «, as the test that rejects Ho iff E > 1/a. We will see, in a sense to
be made more precise, that this test is safe under optional continuation with respect to Type-I
error.

Motivation p-values and standard null hypothesis testing have come under intense scrutiny
in recent years (Wasserstein et al., 2016|, |Benjamin et al.| [2018). e-variables and safe tests offer
several advantages. Most importantly, in contrast to p-values, e-variables behave excellently
under optional continuation, the highly common practice in which the decision to perform
additional tests partly depends on the outcome of previous tests. They thus seem particularly
promising when used in meta-analysis (Ter Schure and Griinwald, 2019)). A second reason is
their enhanced interpretability: they have a very concrete (monetary) interpretation as ‘evi-
dence against the null’ which remains valid even if one dismisses concepts such as ‘significance’
altogether, as recently advocated by Amrhein et al.| (2019). A third is their flexibility: as we
show in this paper, e-variables can be based on Bayesian prior knowledge, on earlier data, but
also on minimax performance considerations, in all cases preserving frequentist Type I error
guarantees.

Overall Contribution and Contents Although the concept is much older (Section ,
the interest in e-values and the related test martingales has exploded over the last three
years (Wang and Ramdas, [2020, Vovk and Wang, [2021} [Shafer, 2021}, Henzi and Ziegel, 2022,
Waudby-Smith and Ramdas, 2021} |Orabona and Jun) |2021)). In this paper, we further develop
the theory of e-values, by providing general optimality criteria and show how to design e-
variables that satisfy them. We do this on the basis of four ever more general versions of a
single novel theorem, Theorem [I] In its first incarnation, in Section [2 Theorem [I] already
tells us that one can design nontrivial, useful e-variables for a wide class of testing problems
with composite null and alternative. This first instance relies on using a prior W7 on the
alternative H1. The ensuing e-variables, while guaranteeing frequentist Type-I error control,
will have a GRO (growth-rate optimality) property under Wi. This GRO e-variable will be a
Bayes factor with a special prior on the null. More general versions of the theorem allow us to
construct e-variables when no prior on H; is available. These satisfy either a direct worst-case
optimality criterion (GROW) or a relative one (REGROW). In our example applications we
restrict ourselves to classical testing scenarios such as 1-dimensional exponential families, the
2 x 2 contingency table, and the t-test. Importantly, the latter two have nuisance parameters
and the GRO approach provides a generic methodology for dealing with them. For the ¢-test
setting, GRO e-variables turn out to be Bayes factors based on the right Haar prior, as known
from objective Bayes analyses (Berger et al., [1998]). For the 2 x 2-setting, GRO e-values do
not correspond to standard Bayes factors.

We then, in Section [5] and [6] investigate optional continuation, stopping and GRO in more
detail, and we assess how competitive the e-variables we designed are compared to classical
methods in terms of the amount of data needed before a certain desired power or growth rate
can be reached. The final three sections put our work in context. We provide a historical
overview of e-value related work in Section [7], critically discuss GRO in Section [8| and then,
in Section [9] taking a step back, we come to the inescapable conclusion that e-variables unify
and correct ideas from the three main paradigms of testing: Fisherian, Neyman-Pearsonian
and Jeffreysian. But first, in the remainder of this introduction, we explain the three main



interpretations of e-variables (Section, we briefly introduce our main theorem (Section
and, in Section [I.3] we explain the main advantage of e-variables over p-values in terms of
optional continuation. We claim no technical novelty for this part, which mainly restates and
reinterprets existing resultsﬂ We defer to the appendices all longer proofs and details that
would distract from the main story.

1.1 The three main interpretations of e-variables

1. First Interpretation: Gambling The first and foremost interpretation of e-variables
is in terms of money, or, more precisely, Kelly (1956) gambling. Imagine a ticket (contract,
gamble, investment) that one can buy for 1$, and that, after realisation of the data, pays
E'$; one may buy several and positive fractional amounts of tickets. says that, if the null
hypothesis is true, then one expects not to gain any money by buying such tickets: for any
r € R™, upon buying r tickets one expects to end up with rE[E] < r$. Therefore, if the
observed value of E is large, say 20 = 1/0.05, one would have gained a lot of money after all,
indicating that something might be wrong about the null.

2. Second Interpretation: Conservative p-Value, Type I Error Probability Recall
that a (strict) p-value is a random variable p such that for all 0 < o < 1, all Py € Hy,

Py(p<a)=a. (2)

A conservative p-value is a random variable for which (2)) holds with ‘=" replaced by ‘<’.
There is a close connection between (small) p- and (large) e-values:

Proposition 1. For any given e-variable E, define Pl = 1/E. Then Dl s a conservative
p-value. As a consequence, for every e-variable E, any 0 < a < 1, the corresponding threshold-
based test has Type-I error guarantee ., i.e. for all P € Hy,

P(E>1/a)<a. (3)
Proof. (of Proposition (1)) Markov’s inequality gives P(E > 1/a) < aEp[E] < a. O

While reciprocals of e-variables thus give a special type of conservative p-values, reciprocals
of standard p-values satisfying are by no means e-variables; if E is an e-variable and p is
a standard p-value, and they are calculated on the same data, then we will usually observe
p < 1/E so with e-values we need more extreme data in order to reject the null (see Section |§|
for a nuanced analysis and Section m for more on e-p conversions).

Combining 1. and 2.: Optional Continuation Proposition[2] below shows that multiply-
ing e-variables F(y), E(g),... for tests based on respective independent samples Y (1), Y (2), .-
(with each Y ;) being the batch of outcomes for the j-th test), gives rise to new e-variables,
even if the decision whether or not to perform the test resulting in E;) was based on the value
of earlier test outcomes E;_1), E(j_z),... As a result (Corollaury7 the Type I-Error Guaran-
tee remains valid even under this ‘optional continuation’ of testing. Just as importantly,

1Since the first version of the present paper appeared on arXiv, various subsets of these results have been
widely discussed in various recent papers, but we still re-state them here to keep the paper self-contained.



in contrast to p-values, e-variables satisfy an ‘optional continuation principle’: whether an
observed e-value is valid or not does not depend on whether or not you would have performed
an additional study and gathered additional evidence in situations that did not occur.

An indication that something like this might be true is immediate from our gambling
interpretation: if we start by investing $1 in E(;) and, after observing E;), reinvest all our new
capital $E(1) into E(y), then after observing F,) our new capital will obviously be $E(1) E),
and so on. If, under the null, we do not expect to gain any money for any of the individual
gambles E;), then, intuitively, we should not expect to gain any money under whichever
strategy we employ for deciding whether or not to reinvest (just as you would not expect to
gain any money in a casino irrespective of your rule for re-investing and/or stopping and going
home).

3. Third Interpretation: Bayes Factors For convenience, from now on we write the
models Ho and Hy as Ho = {FPy : 0 € ©p} ; Hi1 ={FPy:6 € O1}, where 09,0, C ©, and
{Py : 0 € O} represents a general family of distributions or random processes, defined relative
to some given sample space and o-algebra or filtration. Y = Y~ = (Y1,...,Yw), a vector of
N outcomes, represents our data. N may be a fixed sample size n but can also be a random
stopping time. We assume that, under every Py with 6§ € ©, Y has a probability density pyg
relative to some fixed underlying measure u. In the Bayes factor approach to testing, one
associates both H; with a prior W;, which is simply a probability distribution on ©;, and a
Bayes marginal probability distribution Py, with density (or mass) function given by

b ()= [ (Y)W (0). (@

i
The Bayes factor is then given as:

Y)

BF — PrilY) 5

P () )

Whenever Ho = {Fy} is simple, i.e., a singleton, then the Bayes factor is also a (sharp, i.e.

with expectation exactly 1) e-variable, since we must then have that Wy is degenerate, putting

all mass on 0, and pyw, = po, and then for all P € Hy, i.e. for Py, we have, assuming P, has
strictly positive density,

BrlF) = [ (o) 222 dugy) = 1. (6)

For such e-variables that are really simple-Ho-based Bayes factors, Proposition [I|reduces to the
well-known universal bound for likelihood ratios (Royall, [1997). When H is itself composite,
most Bayes factors BF = py, /pw, will not be e-variables any more, since for BF to be an e-
variable we require @ to hold for all Py, 0 € ©p, whereas in general it only holds for P = Py, .
Nevertheless, Theorem (1| (in its first, simplest version in Section [2]) implies that, under weak
conditions, for every prior Wy on ©1 there always exists a corresponding prior Wy on Oy, for
which BF = pw, /pw, is an e-variable after all. More generally, in all our examples e-variables
invariably take on a Bayesian form, though sometimes with highly unusual (e.g. degenerate)
priors.



1.2 This Paper: Beyond Simple Nulls, Beyond Available Priors

In this paper, we focus on general, composite Hg. The only assumption on Hj is the existence
of densities as above — we make this assumption because it allows for a completely general
characterisation of GRO (‘growth-rate optimal’) e-variables as in Theorem (I} Still, useful e-
variables for nonparametric settings without densities do exist (Waudby-Smith and Ramdas,
2021, |Orabona and Jun, [2021)).

Theorem [I]in its first form in Section [2]tells us how to choose an e-variable that is optimal in
the GRO sense if a prior Wi on H; is given. Roughly speaking, GRO means that the e-variable
tends to grow fast under H; as more data come in, thereby generating substantial evidence
against Ho. The generalisations of Section [BH4] extend the GRO idea to e-variables when no
such prior is available. Section [3| deals with a basic maximin optimality approach, which is
appropriate if there is a single parameter of interest, a minimum relevant effect size, and no
nuisance parameter. Section [4] describes relative maximin optimal e-variables, appropriate if
there is no minimal effect size and/or nuisance parameters are present. This culminates in the
fully general version of Theorem [I] in Section [4.3] which is also applicable to hypotheses with
nuisance parameters that satisfy a group invariance, such as in the t-test. To show that the
e-variable we propose for the t-test is indeed optimal we need a special case of an additional
result, Theorem 4.2 of the paper (Perez et all 2022), which, for convenience, we restate. But
before embarking on these results, we explain the benefits of e-variable based tests in detail.

1.3 Optional Continuation

We defined e-variables for a single experiment. We now discuss sequential experimentation
and how e-values can be combined to accumulate evidence against the null. To this end,
let us imagine a sequence of random variables Y (1), Y(2),... representing the outcomes of
experiments/studies. We will not (except for illustration purposes later on) make use of any
internal structure of the Y ;), which in particular may come to us as batches of varying lengths.

Definition 1. Let Hg be a collection of distributions for a sample space equipped with filtration
(Fm))m- We say that E(,,) is a F(;y,—1)-conditional e-variable (relative to null hypothesis Ho)
if it is a nonnegative random variable that is F(,)-measurable and for all P € Ho: Ep[Eq,) |
]:(m_l)] <1a.s. If, for eachm, Ey) is an Fy,_1)-conditional e-variable, we will call {E(m)}m
a conditional e-variable collection relative to (F(m))m. -

In standard cases, F(,,) represent all that is known to us at time m (that is, after having
observed the m-th study). Then it is simply o(Y ™)), with Y(™) = (Y1), -5 Y()) the se-
quence of outcomes of previous studies, and we could then rewrite the expectation elementarily
as Ep[E(y,) | Y (™=D]. More generally though, F(m) is allowed to be a coarser filtration as well:
as long as for all m, E, is F(,,)-measurable, we can safely engage in optional continuation in
the sense of Corollary [I| below, as explained in Section 5l On the other hand, F,,) could also
be finer, including nonstochastic side information such as ‘there is money to do an additional
study’ or covariates; we briefly describe such extensions, as well as subtleties that may arise,
in Appendix [B]

Intuitively, F{,,_1)-conditional e-values measure the conditional evidence in round m (rep-
resenting the m-th study) against Hg, and hence their running product measures the total
evidence (such a running product would then be a test super-martingale (Shafer et al., 2011)),



i.e. a nonnegative super-martingale with starting value < 1, under every element of the null).
We may turn this running product into one quantity by adding a stopping rule. The follow-
ing result, both parts of which are a direct implication of Doob’s optional stopping theorem
(Williams,, [1991)) states that, irrespective of the stopping rule/time, we obtain a fair measure
of evidence.

Proposition 2. 1. Let {E@)tm be a collection of conditional e-variables relative to fil-
tration (F(y))m- Then the running product (E™),, with B .= [T} By is a test
super-martingale w.r.t. each P € Hy.

2. Any process (E(m))m that is a test super-martingale w.r.t. each P € Hg is also an e-
process (Ramdas et all 2021) w.r.t. each P € Hy, which by definition means that for
any stopping time T (not necessarily finite), the stopped value E s q (standard non-
conditional) e-value for Hy.

Proposition [2| says that, no matter when we stop collecting batches of data, the resulting
product is an e-variable and therefore a test based on it preserves Type-I error guarantees
by Proposition We note that, after the first version of the present paper appeared on
arxiv, it was found that for some composite Hg there exist useful e-processes that are not
test-martingales (Ramdas et al.,[2021); we cannot build these as products of the conditional e-
variables that our main theorem, presented in the next section, generates. On the other hand,
as a referee suggested, in our optional continuation context the use of conditional e-variables
as basic building blocks may also have advantages over general e-processes (for example, it is
easier to switch (Erven et al., 2012)) to a different type of e-variable from one study to the
next); sorting this out in detail remains a question for future work.

Just-in-Time Conditional e-variables: Optional Continuation As we can see from
Proposition [2] the stopped running product E(™) of a sequence of conditional e-variables only
evaluates each member variable E,,) after m rounds, and only on the data Y(y),..., Yy,
that actually happened. It is therefore perfectly fine (for the Type-I error safety guaranteed by
combining Propositions[2{and|1)) for us to construct E(,,) on demand just before round m, as a
function of all available information so far (including possibly both stochastically modeled and
arbitrary variables), as long as we ensure the conditional safety property in Definition |1} This
simple observation gives us tremendous flexibility for testing, much in contrast to traditional
p-values where the sampling plan needs to be fixed up front. In particular, it allows optional
continuation: the practice of deciding after an initial series of experiments whether to output
the current accumulated evidence, or perform yet more experiments.

Proposition [2] already indicates that we can safely engage in such optional continuation,
assuming that we stop performing studies at some stopping time 7 relative to the filtration
(.F(m))(m). The following proposition expresses that we have Type-I error safety under optional
continuation in an even stronger filtration-independent sense:

Corollary 1. (of Proposition : “Ville-Robbins”

1
ForallPeHpy, all0<a<1: P <there exists m such that E™) > > < a. (7)
o



Proof. Propositionexpresses that E®), E@) . is a super-martingale with starting value < 1.
Ville’s inequality (Ville, [1939) (also known as Ville-Robbins or Ville-Robbins-Wald inequality)
then implies @ O

For use later on, we formally define a threshold test based on non-negative process (E(m))m
to be the random function that, when input m and level «, outputs reject if E(™) > 1 Ja
and outputs accept otherwise (in this general definition, E(™) can but does not need to be
defined as a product of conditional e-variables). We say that a threshold test is safe under
optional continuation with respect to Type I error if holds. Thus, no matter when the data
collecting and combination process is stopped, the Type-I error probability is preserved. We
relate optional continuation to the more common notion of ‘optional stopping’ and discuss
filtration-related subtleties in Section [Bl

Whereas Ville-Robbins stresses that we may greedily ‘keep combining studies until we can
reject or resources run out’, it is just as important that our e-values keep providing valid
Type-I error guarantees if the continuation rule is externally imposed or unknowable.

Example 1. Consider the simple scenario with a single underlying data stream Y7, Y3, ... with
Y; i.i.d. according to both Hy and H;. Assume for simplicity simple Ho = { Py} so that Bayes
factors provide e-variables. For arbitrary prior W on Oy, define e, w (Y™") = pw (Y™)/po(Y™)
to be the Bayes factor as in with prior W for © applied to data Y.

Suppose we perform an initial study on sample Y () = yNw = (Yl,...,YN(l)) and
we equip ©1 with prior W(;). We can use as our e-variable F(;) the Bayes factor E(;) :=
GN(I),W(l)(Y(l))- Suppose this leads to a first e-value E(;) = 18 — promising enough for
us to invest our resources into a subsequent study. We decide to gather N(g) data points
leading to data Y(9) = (YN<1>+1a . ,YN<1)+N(2)). For this second data batch, we will use an
e-variable E(g) = e N2y W2 (Y(2)) for a new prior W(y). Crucially, we are allowed to choose
both Ny and W, as a function of past data YW: clearly, because the underlying data
stream was assumed i.i.d., Ep[E(9) | Y(1)] < 1 irrespective of our choice (here we use @),
and this allows us to use Proposition [2| If we want to stick to the Bayesian paradigm, we can
choose W(g) :== Wy(- | Y (1)), as the Bayes posterior for #; based on data Y ;) and prior W(y.
Bayes’ theorem shows that multiplying E(2) = Eq) - Ey (which gives a new e-variable by
Proposition , satisfies

_ Pwy,y (Y(l)) . pW(l)(-|Y<1))(Y(2)) _ PW) (}/1, RN YN(2>)
po(Y(1)) - po(Y(2)) po(Y1,.. ., YNg,)

E® = E,y - Egy (®)

which is exactly what one would get by Bayesian updating. This illustrates that, for simple
Ho, combining e-variables by multiplication can be done consistently with Bayesian updating.

The Local Perspective It might also be the case that it is not us who get the additional
funding to obtain extra data, but rather some research group at a different location. If the
question is, say, whether a medication works, the null hypothesis would still be Hy = { Py} but,
if it works, its effectiveness might be slightly different due to slight differences in population.
In that case, the research group might decide to use a different test statistic EEZ) which is
again a Bayes factor, but now with an alternative prior W on 6#; (for example, the original
prior W(;y might be re-used rather than replaced by W(;)(- [ Y(1))) — one might call this the



local perspective. Even though not standard Bayesian, F(y) 'El2) still gives a valid e-variable,
and Type-I error guarantees are preserved — and the same will hold even if the new research
group would use an entirely different prior on ©1. And, after the second batch of data Y (),
one might consider obtaining even more samples, each time using a different W;), that is
always allowed to depend on the past in arbitrary ways.

Finally, it is important to note that, when combining studies, we do require all the data
batches Y (1), Y(g2),... to refer to separate data: obviously it is not allowed to ‘borrow’ some
data from Y (1) and reuse it as part of Y (o). E-values based partly on the same data can still
be validly combined (e.g. by averaging (Vovk and Wang, [2021)) but not by multiplication as
we do here.

2 The GRO e-Variable

Mathematical Preliminaries In this and the coming sections we present our main result,
Theorem (1] We first list all required mathematical notations and definitions. We invariably
assume that some family {Fy : § € ©} of probability distributions for ) has been fixed
and all Py with 8 € © have densities relative to some underlying measure p. When we
write ‘p is a (sub-) probability density’, we mean it is a (sub-) probability density relative
to p, ie. p > 0 and [p(Y)dp = 1 for a density and [p(Y)du < 1 for a sub-density. In
the latter case we call the measure P with density p a sub-probability distribution. We
use D(Q||P) to denote the Kullback-Leibler (KL) Divergence between distributions @ and P
(Cover and Thomas|, |1991)). We allow P (but not @) to be a sub-probability distribution, with
D(Q||P) = Ev~q[lng(Y)/p(Y)]. We say that random variables U* and U° are essentially
equal if, for all § € O, Py(U* = U°) = 1. We say that U* essentially uniquely satisfies
property prop if all other random variables satisfying property prop are essentially equal to
U*. When we write ‘P has full support’, we mean that its density p satisfies p(Y) > 0 p-almost
everywhere. We assume some suitable o-algebra including all singleton sets on © has been
defined, and for © C © we let W(O') be the set of all probability distributions (i.e., ‘proper
priors’) on ©" with this o-algebra. Notably, W(©') includes, for each § € ©’, the degenerate
distribution W which puts all mass on . We say that W essentially uniquely satisfies property
prop among W(@') if for all other distributions W’ € W(©') that satisfy prop and all 6 € O,
we have Py(pw = ply) = 1, where py and pj;, are as in ({). £(6y) is defined as the set of
all e-variables that can be defined on Y for O, i.e. all random variables satisfying (). We
frequently use the fact that if ©g = {0} is a singleton so that H is simple, then the class of
e-variables corresponds exactly to the set of likelihood ratios relative to pg:

£({0}) = { ;’0@)

To see this, note that for every e-variable F = e(Y) we can define ¢(Y) := ¢e(Y) - po(Y) and
then [gdu = [po(Y)e(Y)dp < 1; conversely every sub-density ¢ defines an e-variable by
setting £ = ¢(Y)/po(Y) which gives Ep [E] < 1.

Our main theorem (proof in Appendix implies that nontrivial e-variables exist without
any further conditions:

: ¢ is a sub-probability density for Y } : (9)



Theorem 1. Suppose Q) is a probability distribution with full support and with density q, and
assume infyy cyey) D(QlPw,) < oo. Then there exists a (potentially sub-) distribution Py
with density pg such that
Y
py(Y)

s an e-variable. Moreover, E* satisfies, essentially uniquely,

(10)

sup Ey.gllog E] = Eyglog E*] = inf  D(Q||Pw,) = D(Q||Fy). 11
so® v~qllog B] = Eyollog 7] = inf | D(@Q|[Pwo) = D(Q] 1) (11)

If the minimum is achieved by some W, i.e. D(Q||Fy) = D(Q| Pwg), then Py = Py .

The full support condition is natural and discussed further in Appendix Following
Barron and |Li (1999) (see also (Csiszar and Matus, [2003)), we call P the Reverse Information
Projection (RIPr) of Q on P(O¢) = {Pw, : Wo € W(Oy)}. In all examples in this paper, we
have Fy = Py the minimum is achieved and its density integrates to 1 (one can construct
special Hg for which pf integrates to strictly less than 1 (Harremoés, 2021), but we do not
know whether this happens for any practically relevant Hp). The following corollary (see
Appendix for details) is useful in applications:

Corollary 2. E* is the only e-variable of Bayes factor/likelihood ratio form with q in the nu-

merator. That is, for all Wy € W(Oy): if Py, is not essentially equal to Py then q¢(Y)/pw,(Y)

is not an e-variable. In particular this implies: (a) if Py = Py, then W achieves minyy, ey (e,) D(Q| Pw, )
essentially uniquely; and (b) if we have found an e-variable of form q(Y)/pw,(Y) then Wy

must be essentially equal to W

Theorem [If leaves open the question of how to calculate W, if it exists. In the examples
we encounter below, we can either show that W is degenerate, putting all its mass on a single
distribution Pys, and 6 can be determined analytically, or, as in the t-test example, we can
analytically find it by other means. ‘Easy’ W occur in surprisingly many other situations as
well (see e.g. (Ter Schure et al., 2021} Koolen and Grunwald, 2021))), but by no means always
(Adams, [2020). More generally, even if Wi is not easy to determine analytically, as long as
Y is finite then, using Carathéodory’s theorem we can still show that W must exist and has
finite support. By strict convexity of KL divergence in its second argument it can therefore in
principle be found by numerical methods, but more research is needed to see existing methods
are fast enough in practice. If ) is infinite, one can still try to approximate W{ numerically
but it may be hard to determine the accuracy of such approximations.

2.1 The GRO criterion when 7, is simple

We now focus on the case with a given alternative H1 = {F : 0 € ©1}, and for now assume
©1 = {01} is a singleton. Applying Theorem (1] above with @ = Py, , we call the resulting E*
(or any essentially equal version of it) the #;-GRO e-variable, GRO standing for growth-rate
optimal. We define the growth rate achievable with 01 as

GRO(#,) := sup EYNpel [log E] = D(Py, || Py), (12)
E€&(0o)

with the equality following from Theorem (1| (we omit Oy in the notations since, in contrast
to ©1 or 01, ©p will always be clear from context). In general, there exist many nontrivial



e-variables for a given Hgy. The 8;-GRO e-variable is a special one that is optimal in a natural
sense for the given Hi: whereas in the Neyman-Pearson paradigm, one measures the quality
of a test at a given significance level o by its power, i.e. the probability of correct decision
under 61, we will measure it by the expected capital growth rate under ¢;. This is different
from power, yet there are close connections to which we return in Section [9]

To explain, we return to the monetary interpretation of e-values. The definition of e-
variable ensures that we expect them to stay under 1 (one does not gain money) under any
P € Hp. Analogously, one would like them to be constructed such that they can be expected
to grow large as fast as possible (one gets rich, gets evidence against Hg) under H;. Assuming
for now that H; = {Pp, } is simple, this suggests to define the optimal e-variable E* as the
one that maximises Ep, [f(£")] for some function that is increasing in E*. At first sight it
may seem natural to pick f the identity, but this can lead to adoption of an e-variable E*
such that Py, (E* = 0) > 0. This choice, however, does not go together well with preserving
evidence (capital) under optional continuation: if EE‘l) is 0 with positive probability, then

it may happen that the evidence Em) — H;n:l E(j) obtained so far remains 0, no matter
how large F(; for j > 1 — akin to losing all one’s money in the first round at a roulette
table. A similar objection applies to any polynomial f, but it does not apply to the loga-
rithm, which is also the asymptotically optimal choice for f if samples are independent: by
Kolmogorov’s strong law of large numbers, any sequence of e-variables E(y), E(y), ... based on
independent Y (1), Y(g), ... with sup;ey Ev; ~p, [(log E)3/ G/ log?(j+1)) < oo (in particu-
lar this holds if the variances are uniformly bounded), will a.s. satisfy (1/m) > 7", (log Ej)) —
(1/m) > 7% By ~p, [log E(jy] — 0. Thus, E(m) = [T7%, E(jy will grow exponentially fast
if all By ~p, log E;] > 0, with maximal growth rate attained if the E(; are chosen to
maximize Evy  ~p, [log E(j)] — a quantity which, for log taken to the base 2, is known as
the doubling rate (Cover and Thomas, (1991, Kelly, |1956). This provides a powerful reason
for choosing the logarithm; see also the extensive exposition by Shafer| (2021]). We return to
GRO’s motivation in Section [l

Example 2. [2 x 2 Contingency Tables| Let " = {0,1}" and let X = {a,b} represent
two categories. We start with a multinomial model G on Z = X x ), extended to n outcomes
by independence. We want to test whether the Y; are dependent on the X;. To this end,
we condition every distribution in G on a fixed, given, X" = x with x = (x1,...,2,), and
we let 71 be the set of (or a subset of the) conditional distributions on Z that thus result.
We thus assume the design of X™ to be set in advance, but Nj, the number of ones, to be
random; alternative choices are possible and would lead to a different analysis. Conditioned
on X" = x, the likelihood of an individual sequence y | x becomes:

pll1|m#1\b(y | X) = iuqllﬁll(l - M1|a)na0 : :u?‘bbl (1 - M1|b)nb07 (13)

where nj; is the number of times outcome ¢ was observed to fall in category j and py); is the
probability of observing a 1 given category j. These densities define the full model {Puumuub :
(1jas f1p) € O} with © = [0,1]2. Ho, the null model, simply has (Xi,...,X,) and Y =
(Y1,...,Y,) independent, with Y;, ... Y, iid. Ber(u) distributed, p € ©¢ == [0,1], i.e. pu(y |
x) =pu(y) = p" (1 — )"~ with ny = ng1 + np1. We defer description of the test of the full
alternative {Py : 6 € ©1} with ©; = (0,1)? against Hg to Section [4.1] For now, we assume a
simple Hy = { P, } for a specific 01 = (p1|q, f1)p) With p1)q # p1)p- [Turner et al. (2021) shows
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that the RIPr for Py, , achieving the infimum in is given by Py = Py where Wy is the
degenerate prior that puts all its mass on the single point u° = (napi1)q + nopiap)/(Ma + no).
Thus, the 8;-GRO e-variable has an intuitive form here, being given by

E* — pul‘aﬂl"l'b(Y | X)
pue(Y | x)

The fact that the RIPr is achieved by a point prior is quite specific to contingency tables. We
also note that, while the expectation of E* is bounded by 1 under all P, € Hy, its actual
distribution function varies with P,. This is in contrast to the t-test example, in which the
GRO E* turns out to have the same distribution under all distributions in the null.

(14)

2.2 GRO when prior on H; is available

We now take a Bayesian stance regarding H; and, conditioned on H1, are prepared to represent
our uncertainty by prior distribution Wj on ©1. The marginal distribution of Y is then
Py, (Y). Applying Theorem [1| with Py, as @ then leads to the “W;-GRO e-variable” — it
would be optimal in the GRO sense under prior Wj. This e-variable is a Bayes factor, but
gives only a quasi-Bayesian notion of evidence since any prior Wi on H; that we wish to adopt
forces us to adopt a particular corresponding prior Wy € Hy. One may perhaps consider this
a small price to pay for creating a Bayes factor that, by its Type-I error safety under optional
continuation, should be acceptable to frequentists as well. Moreover it is often recognised that
priors on O and O should somehow be ‘matched’ to each other (Berger et al., 1998); we may
view the RIPr construction as providing a reasonable (from a frequentist stance) matching.

Example 3. [Gaussian Location with Gaussian prior (z-test)] Now consider H; ac-
cording to which the Y; are iid. ~ N(u,1) for some ¢ € ©; = R, so that p,(Y) =
pu(Y1, ..., Yy) o< exp(— D0 (Y — u)?/2). We let Ho = {Py}. We perform a Bayes fac-
tor test using E := pw(Y)/po(Y) where we take the prior W to have Gaussian density
w(p) oc exp(—p?/2). By (6) we know that E is not just a Bayes factor but also an e-variable.
By straightforward calculation:

1 1
D) log(n+1) + i(n +1)- 22,
where fi, = (3,_; Yi)/(n + 1) is the Bayes MAP estimator, which only differs from the

ML estimator by O(1/n?): ji, — fin = fin/(n(n + 1)). If we were to reject ©g when E > 20
(giving, by Proposition [1| a Type-I error guarantee of 0.05), we would thus reject if

. 5.99 + log(n+1) . R
il = /22D ) g (15

where we used 2log20 =~ 5.99. Contrast this with the standard two-sided Neyman-Pearson
(NP) test, which would reject (with av = 0.05) if |fi,| > 1.96/+/n, or the one-sided test which
would reject if i, > 1.645/y/n or the e-value based tests of the next section: the standard
Bayesian test is significantly more conservative, requiring more data to conclude rejection. In
Section [6] we investigate this further.
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3 The GROW e-Variable

We now show how to construct good e-variables if Hq is composite and no prior on Oy is
available. We focus on variations of worst-case (maximin) growth optimality, but this is
certainly not the only criterion that might be useful or valuable; see the discussion in Section 8]
In the case of simple H; = { Py, }, we aimed for e-variables that could be expected to grow as
fast as possible under Py,. Analogously, we would now like them to be constructed such that
they can be expected to grow large as fast as possible (one gets rich, gets evidence against H)
under all P; € Hy. We call e-variables satisfying this property GROW: growth-rate optimal
i worst-case. We now discuss the simplest, ‘raw’ form of this criterion — in some settings
a modification of this criterion, REGROW, which we discuss in the next section, is more
suitable. GROW tells us to pick, among all e-variables relative to Hg, the E* that achieves
the worst-case optimal expected capital growth rate

GROW(©1):= sup inf Ep,[log E]. (16)
E:Ec&(©) 9€©1

Theorem (1, First Generalisation Suppose all Py, Py with 0,0" € Oy satisfy D(Py||Py) <

o0, and have full support. If infy, ey, woew(e,) D (P, || Pw,) = infyewoy) D(Pw; || Pw,) <
00, (i.e. the minimum on the left over W is achieved by W7') then then there exists an e-
variable

(Y
g ) (17)
py(Y)
where pj is the density of Py, a (potentially sub-) distribution satisfying infy, ey(e,) D(Pw: || Pw,) =
D(Pwy||Fy), and E* achieves , satisfying, essentially uniquely: infypce, Evp,[log E*] =

SUPpeg(o,) itfoco, Ev~p, [log E] = D(PWI* \Py). If further D(PWI*
some Wi € W(Oy), then Py = Pyg.

Py) = D(Pw;||Pwg) for

The earlier version of Theorem [l is the special case we get if we set ©; = {6} a single-
ton and @) := Pp,. This generalized version expresses that the GROW e-variable is once again
a Bayes factor — a special one in fact, between the components of the joint information pro-
jection (P, Fy) (Csiszar and Tusnady, [1984); see Figure As to computing W7 in practice,
the same remarks apply as we already made (underneath Corollary [2)) regarding computing
Wy

3.1 One-parameter models with minimum relevant effect size

Let © be a connected subset of R indexing a 1-parameter parametric model {Pp : § € O} with
0 indicating the size of some effect. If, as is standard practice in e.g. medical statistics, we
have a minimum clinically relevant effect size 6 and a status quo d~ < §* in mind, we want
to test

O={0€c0:0<5}vs.0,={0cO:0>5"}. (18)

In standard cases, often = = 0 and ©¢ := {0}.

Proposition 3. Suppose there exists a 1-dimensional statistic T = t(Y) such that the family
of densities {pg : 0 € ©} has a monotone likelihood ratio in T. Then for all 6= < &
with 6,07 € ©, the GROW e-variable relative to ©1 and Oy as in (@, is given by E* =
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Figure 1:  Joint Information Projection (JIPr). ©g,©; represent non-overlapping models,
W(©') is the set of all priors over ©', and P(0') = {Py : W € W(©')}. Theorem |[I| implies
that the GROW e-variable between ©g and ©1 is given by pyy» / pwy, the Bayes factor between
the two Bayes marginals that minimise KL divergence D( Py, || Pw, ), assuming the minima are
achieved.

ps+(Y)/ps-(Y): it sets Wi and W to be degenerate priors, putting all mass on 6% and 6,
respectively.

We now illustrate Proposition [3| for 1-dimensional exponential families, but stress that it
can be applied to some other families (e.g. location families or the t-test setting in Section |4.3))
as well.

Example 4. [GROW for 1-dimensional exponential families] Let {Fy | § € O}
represent a 1-parameter exponential family for sample space ), given in its mean-value pa-
rameterisation, where © is a connected subset of (and possibly equal to) the full mean-value
parameter space. Let §~ < 67 with 67,67 both in ©. Both Hg = {Fy : § € Oy} and
Hi ={Py:0 € O} with 09,0, as in are extended to outcomes in Y = (Y3,...,Y,) by
independence. Let T' = t(Y) be the sufficient statistic of the exponential family under consid-
eration, i.e. Eyp,[t(Y)] = 0. It is well-known that the monotone likelihood property holds
in the statistic T". It thus follows from Proposition [3|above that the GROW e-variable relative
to ©; and O can be calculated as a likelihood ratio E* = pg+(Y)/ps— (Y) between two point
hypotheses, even though ©; and/or ©g may be composite. Comparison of the ensuing test to
the Neyman-Pearson and Bayes factor tests are given in Section [6]

4 The REGROW e-variable: general composite H; case

Theorem (1}, Further Generalisation Let f(6) be a function that is bounded on ©1; we ab-
breviate f(W) := Egow|[f(6)]. Suppose all Py, Py with 6,6 € ©1 satisfy D(FPy||Py) < oo, and

have full support. 1f i, cov(ony wocw(en) (D(Awa | Pivy)—F (W) = infywocwien) D(Pive | Py~
f(WF) < oo then there exists an e-variable EY given by
pw; (Y)
Ef .= 1N~/ 19
py(Y) 1)
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where py is the density of ', a (potentially sub-) distribution such that infyy, cyy(e,) D(Pw: | Pwg,) =
D(Pw;||Fy), and Ef satisfies, essentially uniquely:

Jnf (Ex~pllog B = £(0) ) = o i (Eyep,[log E] = f(6) ) = D(Pw; | F5) = F(W7)-
(20)

If further D(Pwy || Fy) = D(Pyw:

Pyy) for some Wi € W(8y), then P§ = Py .

We call B/ the REGROW (standing for relative growth in the worst-case) e-variable rela-
tive to offset f. The previous version of Theorem [I] is the special case with f constant. The
offset f will be useful when ©y and ©; are nested and no effect size can be stated in advance
(Section and/or when nuisance parameters are present (Section and . All these
cases can be handled essentially the same way (and we may in fact think of the case of nested
models as a situation in which all parameters in ©g are viewed as nuisance): we first consider a
modified problem in which ©; is reduced to a singleton. That is, we imagine that some oracle
tells us “if H; is the case, then the data are sampled from this specific #7”. We then consider
the corresponding GRO(67) = GROW({67}) and view this as the desirable but unobtainable
expected growth rate — the one we could have obtained if we had known 67. We may now
aim for the e-variable such that, no matter what 67 turns out to be, our expected growth is
close to the optimum we could have obtained had we known 67. Thus, we want to be worst-
case growth optimal relative to f(61) := GRO(61) = Ep, [log Ej | = infy,cpwey) D (o | Pwy)
(where we write Ej for the GRO e-variable for testing {61} vs. ©¢ and the second equality
follows by ) Plugging in this f and taking negatives on both sides, now becomes:

sup Ey.p {logE* —logEf] = inf sup Ey.p, [logE; —logFE| =
01€01 o “ E€E(©0) 6,€0, 1 [ o ]

Eg, ww> inf  D(Py, || P — D(Pw+||Py), (21
e | dnt o DU IPw)| = D(Pw 1), (21)
an expression that is always nonnegative, since, by definition of Ey. for any e-variable E,
EY~P91 [log E;l] > EYNp91 [log E]. This shows that E7 can be thought of as a minimaz
pseudo-regret e-variable, regret being the loss of expected capital growth under H; due to not
knowing the underlying 6, in advance.

4.1 Composite H;, no effect size known

Suppose we are interested in detecting whether there is any deviation at all from the null.
There is no pre-stated effect size, and @y C ©; = © are nested, or more generally, for all
01 € Oy, infg,co, D(Py, || Ps,) = 0. In this case, GROW(©;) = 0 and the GROW e-variable
that achieves it is equal to E* = 1, which will never give any evidence against Hg, so clearly,
the raw GROW approach is not useful. Instead, in this setting, the REGROW approach is
a sensible generalisation of successful existing approaches. We first establish this for simple
nulls:

Simple Nulls If ©¢ = {0} is simple, we have infy, D(Py, || Pw,) = D(Ps, || Po) and D(Pw; || Pw;g) =
D(Pyy||Po), and terms in involving —log po(Y) cancel. Further using the 1-to-1 mapping
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@D between probability densities and e-variables for the case of point 0’s to rewrite (21) and
using B/ = pwy(Y)/po(Y), simplifies to:

pwr (Y)]
po(Y)

sup  Eguw, [D(Fpl|Pw,)],

W1eEW(04)

q(Y) } _
po(Y)

= inf sup Ey.p, [— log

sup Ev~p, [— log
4 pcoe,

0€O,
(22)

where the infimum is over all sub-probability densities g over Y. is just the redundancy-
capacity theorem (Cover and Thomas, 1991) of information theory, and it has a data-compression
interpretation. In a nutshell, for any e-variable of the form py, (Y)/po(Y), the log evidence
log pw, (Y)/po(Y) is thought of as a difference between the code length needed to code the
data using two lossless codes, one with lengths —log pw,, associated with H;, and one with
lengths — log pg, associated with Hy. expresses that when choosing W; = WY, one as-
sociates H; with the code that minimises worst-case redundancy (the additional expected
number of bits needed compared to an encoder that knows 7). This is in accordance with the
MDL (Minimum Description Length) Principle, in which code length difference between the
same two codes is used to measure evidence (Barron et al., |1998, Grunwald and Roos| 2020).

Example 5. [Exponential Families with a point null: Jeffreys’ Prior on ©;] To
make this more concrete, let {Py : § € O} represent a d-dimensional exponential family given
in either the mean or the canonical parameterisation. We restrict the parameter set to ©;
that is a compact subset of the interior of © and let ©g be a singleton subset in the interior
of ©;. By standard properties of exponential families, the finite KL condition of Theorem []
applies and the problem reduces to finding the prior W;* on O; that satisfies (22]). (Clarke
and Barron), 1994) showed that, for large n, this prior converges in an Lj-sense to Jeffreys’
prior (‘least favourable under entropy loss’) , which is the main reason for adopting it in MDL
model selection. They also showed that and hence is of size (d/2)logn+O(1). Thus,
for point nulls and suitably truncated parameter spaces, this approach is consistent with the
MDL Principle and with objective Bayes approaches based on Jeffreys prior.

Example 6. [2 x 2 Tables, Continued] If O is not a singleton then the simplification of
to is not possible, and numerical simulation can be used to determine and the
priors appearing therein. Consider for example the 2 x 2 model, but now with unrestricted
©1 = (0,1)2. This does satisfy the regularity conditions needed for Theoremto be applicable
(see Appendix, but it has ©; 2-dimensional and ©¢ 1-dimensional. We saw in the previous
example that for 1-vs. 0-dimensional exponential family models, would take on value
(1/2)logn 4+ O(1), which suggests that it is the same here, for 2- vs. 1-dimensional. This is
confirmed by numerical simulations (Turner et al., 2021).

4.2 Composite H;, nuisance parameters present

We now consider the common situation of models that can be parameterised by © = {(4,7) :
0 € A,y € T'} where ¢ is a single parameter of interest (for simplicity taken to be a scalar)
and vy represents a nuisance parameter (scalar or vector). As in Section we want to test
whether § > §1 or § < §~ for some 6~ < 6. We thus let

O ={(0,7):0<d ,yeT}, vs. O1={(d,7):6> 5ty e I'}. (23)
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Figure 2: The 2 x 2 model. The diagonal represents the null, the decreasing line the set of
parameters with nuisance parameter y = 1/4 and the blue increasing line is ©; 5+ for 6+ = 1/3.

We will first consider the simplified problem in which we test ©y5- := {(67,v) : v € I'} vs.
O15+ :={(0",7) : v € I'}, and later extend to . This simplified problem can be handled
via a REGROW e-variable just like in the previous subsection, with now 6 = (§%,7): we
take f((0F,7)) = GRO((6%,7)) and apply Theorem [I] as in (21). This gives an e-variable
Esy = pw;(Y)/pg(Y) with Wi a prior on {(6*,7) : v € T'}. Using this REGROW rather
than GROW approach reflects a particular interpretation of what it means for a parameter ~y
to be nuisance: we have no idea of what the true v might be and are therefore prepared to
incur the same expected loss of growth for not knowing -, irrespective of what ~ is. Solving
this problem for all 67 > §~ gives us a collection of e-variables &5- := {E5 : § > 6~ }. Now
suppose there exists another e-variable E* such that

su inf Ep [log E] = inf Ep, [log E* 24
Eeg;ﬁe@l py[log E] puig py[log E”] (24)

That is, we pick the worst-case optimal e-variable among &5 5-, thereby applying GROW on a
meta-level as it were, after restricting ourselves to e-variables that are themselves REGROW
for fixed 0 and unknown ~. This E* is then our choice for solving the original problem .

Example 7. [2 x 2 Tables, Continued] We can reparameterise { Py, , uy, * (H1]a> H1pp) €
0,1} as © = {(6,7) : 6 € A, v € [0,1] } using v = (nafinja + noppiap)/(na + np) as a
nuisance parameter: the marginal probability of observing a 1. For § we can take, for example,
§ = pu1p — M| to be our notion of effect size, the substantive difference, with A = [—1,1].
Another popular choice, like substantive difference considered by |/Adams| (2020)), Turner et al.
(2021)) is 6 = log(p1p/(1 — papp)) - (1 = p11a)/#41ja> i-e. the log-odds ratio, but for simplicity
we stick to the substantive difference here. We take a ©1 and ©( relative to some effect size
6t and 6~ as in above, where for simplicity we will take 6~ = 0 and A = [0, 1] and also
ng = np 50 that v = (1), + p1p)/2. The situation is depicted in Figure [2} where we took, as
an example, ©1 and O defined relative to 67 =1/3 and 6~ = 0.

Now, assume first that the true value of v were given in advance. We would then be
dealing with a one-parameter exponential family model represented by a straight decreasing
line in Figure |2} the Figure illustrates this for v = 2/3. We would then be in the situation of
Section Example 4, and find, for any 6%, that GRO((6%,~)) =
infy,ew(eo) D(Ps+ Al1Pwy) = D(Ps+ 4[| Poy) where the latter equality was already stated as

in Example
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Now we look at unknown 7. As suggested above, we first set § := 6% and test Oy 4 vs.
©1,0 (the increasing lines in Figure [2), taking the REGROW e-variable relative to f((6,7)) =
GRO((6,7)) = D(Ps || Po). Then the minimum W7 on ©1 5 and W (with W7 putting mass
1 on ¢ and spreading its mass over v, and Fj = PWS) as in are achieved and have finite
support, and the finite KL condition of the theorem applies (Appendix . This solves the
problem for testing ©; 5 vs. ©1 for 6 = §; by varying d we get a collection of e-variables
E>o containing an E} for each fixed 6 > 0. We then pick the E* among £~ satisfying ,
which turns out equal to Ej,: it has a point mass on dT again.

Discussion In our examples, we have used (and will keep using in the next section) the
REGROW approach to first eliminate nuisance parameters, if they are present, followed by a
GROW approach for the parameters of interest.(Turner et al. 2021, [Ter Schure et al., 2021
find that this gives intuitive e-variables that perform well in practical applications, not just
directly in the GRO sense but also in terms of secondary measures such as a power analysis
(Section @ or as the basis of anytime-valid confidence intervals (Turner et al| 2021). Still, it
may not always be the best way to go. For example, a REGROW approach for the parameter
of interest when a minimum effect size is given may sometimes be sensible as well. Let
us consider this a bit further for (for simplicity) the case with a minimum effect size 6T but
without nuisance parameters, as in Exampled, REGROW would amount here to using Ey, =
pw, (Y)/ps—(Y) with some prior W spread out on the set ©1 = {6 : § > §*}. Then we would
get Ep;[log Ejy, ] < GROW(O;) for § close to 67 ; Ep;[log Efy, ] > GROW(O;) for 6 > ¢+
so we would win if we are ‘lucky’ and it turns out that § > §+. However, in practice we often
deal with small sample sizes, and §’s that may very well be very close to 6. Then (as our
experiments done for the papers above indicate) the difference in ‘<’ above is non-negligible,
and the GROW approach seems safer, since for the GROW e-variable we automatically have
Ep,[log Eyy, ] > GROW(©,) for all 6 € O.

4.3 Theorem (1 in Full: Application to Bayesian and Sequential t-test

If we try to apply Theorem [I| as above to the t-test, a prototypical nuisance setting, we run
into the issue that the minimum KL is not achieved. This problem can be solved by extending
the theorem further, allowing for densities on a coarsening of Y. This is any random variable
V that can be written as a function of Y, i.e. V. = g(Y) for some function g; we retrieve the
previous version of Theorem [I] if we take g the identity and V =Y. We now present Theo-
rem [1] in full generality, allowing for such coarsening and additionally for considering the best
e-variable on a modified H1, consisting of any convex set of Bayes marginal distributions with
priors on ©1. This is needed for accommodating the t-test. It also allows us to incorporate
robust Bayesian settings (Berger, 1985, |Griinwald and Dawid, 2004)), but we will not further
pursue those here. In the theorem we use the following notation: for (sub-) distribution P for
Y, PV! denotes the marginal (sub-) distribution of P for V, and p’ denotes its density.

Theorem Full Generality Let f(0) be a function that is bounded on ©1. Suppose all
Py, Py with 0,68 € ©1 satisfy D(Py||Py) < oo, and have full support. Let Wy C W(O1) be
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convex. If for some coarsening V of Y we have:

inf inf D(Py. | P — f(W7)) =
WiIéWIW()El]I}V(@o)( (B[P ) = 1 (W)

: : VI plV]y _ _ : VI plV]y _ *
WIPelgvlw()elir/lvf(@o)(D(PWl 1By f(Wl)) Woe%f(eo)D(PWf”PWO) FWi) < oo, (25)

then there exists an e-variable , V)
-
pf = i) (26)
s (V)

Py being the density ofPO*[V], a (potentially sub-) distribution for V that satisfies infy, eywiey) D(Pw; | Pw,) =
D(Pv[l‘/?HPJ VI, EY satisfies, essentially uniquely:

. . _ . - o p Vs
pinf (Eypy flog E/]=f (7)) E:&%O)M}Q%I(Eprw[logE] fW)) = D(Py 1By ) = f(W7).

(27)

VI _ plV]

V1| p*IV]y _ V]| plV] * *
If further D(PWI* 1Py ) = D(PWI* | P, O*) for some W5 € W(©y), then P, W
The previous version of Theorem [l is the special case obtained by setting W; = W(01),
Y = V and using linearity of expectation. We call E/ as in the REGROW e-variable
relative to offset f and set of priors Wy. If f is constant (no offset), we call it W;-GROW,
noting that it gives worst-case optimal growth rate under all priors in W;.

The t-test Setting We return to the setting with a nuisance parameter with notation as
in Section Jeffreys| (1961) proposed a Bayesian version of the ¢-test; see also (Rouder
et al., |2009). We start with the models Hy and H; for data Y = (Y1,...,Y,,) given as
Ho={Po,(Y)|oeTl} Hi ={P5,(Y) | (6,0) € O1}, where A =R, I’ =R, O =AxT
and ©g = {(0,0) : 0 € T'}, and Ps,, has density (with g =137 ;)

1 nl|(7y 2 Ly ()2
pé,a(y):@mw-exp(—Q [<3_5> +<n211;g y) >]>,

Jeffreys proposed to equip H; with a Cauchy prior W€[d] on the effect size §, and both H;
and Ho with the scale-invariant prior measure with density w!(c) o 1/0 on the variance.
The same formula with the same prior on o but other priors on § was suggested by |Lai (1976)
with a non-Bayesian, martingale interpretation. Below we will see that, even though w (o)
is improper (whereas the priors appearing in Theorem 1| are invariably proper), the resulting
Bayes factor E* is an e-variable. We then present Theorem [2| which shows that, for priors
W 6] with more than 2 moments, E* in fact even is W;-GROW with W the set of all product
priors on § X o with marginal W[d] on 0, i.e. it has a worst-case optimal growth rate property
relative to all distributions in H; compatible with W[d]. Thus, a form of GROW-optimality
holds for most priors W[d] one might want to use, including standard choices (such as a
standard normal) or the point prior we will suggest further below — but we do not know if it
holds for the moment-less Cauchy proposed by Jeffreys.
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Almost Bayesian Case: prior on ¢ available For any proper prior distribution W[d] on §
and any proper prior distribution W (o] on o, we define py (51 wio) () = [5ca Joer Ps.o(y) AW [6] dW (o],
as the Bayes marginal density under the product prior W[d] x W{o].

For convenience later on we set the sample space to be Y™ = (R \ {0}) x R""!, assuming
beforehand that the first outcome will not be 0. Now we define V = (Vi,...,V},) with
Vi = Y;/|Y1]. We have that Y determines V, and (V,Y7) determines Y = (Y1,Ys,...,Y,).
The distributions in Hg U H; can thus alternatively be thought of as distributions on the pair
(V,Y7). Vis“Y with the scale divided out”: as is well-known (Lai, [1976| Berger et al., [1998)
and easily shown (Appendix , under all P € Hy, i.e. all Py, with o > 0, V has the same
distribution Py[V] with density py. In the same way, one shows that under all Py, with
o > 0, V has the same pdf pé,vw (which therefore does not depend on the prior on o). We
now get that, with

Pryis)(V)
Br= 0 (28)
po(V)
we must have Ey. p[E*] = 1 for all P € Hy, hence it is an e variable. Remarkably, this

‘scale-free’ e-variable coincides with the Bayes factor one gets if one uses, for o, the prior
wH (o) = 1/0 suggested by Jeffreys, and treats o and & as independent. That is (Lai, [1976,
page 273) (a full derivation is in Appendix [B.3)), we have

Jowiso(Y)w' (o) do_ Py (V)
[, po.o(Y)wH (o) do (V)

Despite its improperness, w? induces a valid e-variable when used in the Bayes factor. The
equivalence of this Bayes factor to £* simply means that it manages to ignore the ‘nuisance’
part of the model and models the likelihood of the scale-free V instead. The reason this is
possible is that w? coincides with the right-Haar prior for this problem (Eaton, 1989, Berger
et al} |1998), about which we will say more below. Amazingly, it turns out that the e-variable
has a GROW property (among all e-variables for data Y, not just the coarsened V)
under the weak condition that the prior W[d] has a (2 + ¢)th moment. This follows from a
special case of Theorem 4.2. of (Perez et al., 2022) (for the case that W [d] puts all its mass
on a single ¢) and Corollary 8.3. (for general W [d]. For convenience we re-state this special

case here. Let, for priors W{§], W{o], PIE://[](S] Wio]

= E*. (29)

be the marginal distribution with density

p%/V[é],W[U]' We have:

Theorem 2. [Special case of Theorem 4.2./Corollary 8.3. of Perez et al. (2022))] Let
W 0] be a distribution on & such that Es w5 [|0]*T¢] < oo for some e > 0 (in particular this
includes all degenerate priors with mass 1 on a single §). Let W(T'] be the set of all probability
distributions Wo| on the variance o. Let Wy be the set of all product distributions on § X o
such that, for each W' € Wiy, § and o are independent and its marginal on &, i.e. W'[d],
coincides with W[d]. We have:

inf inf - D(Pw|Powie) = inf  D(Pyigwiol| Powrie) = D(Pyy 1B,

]
WEWL Wo]eWT] W o], W/ [o]ew() L
(30)

The theorem allows us to use Theorem [1| as above with constant f(d,0) = 0 (note that
W is convex) to conclude that E* as in is equal to Ef as in : the Bayes factor based
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on the right Haar prior, is not just an e-variable, but is even GROW relative to the set of all
priors on ¢ X o that are compatible with W{[4].

REGROW-GROW safe t-test with minimum effect sizes Suppose we want to test
©1 vs. Og as in with fixed effect sizes 67 and §~ and with o2 in the role of ~. We proceed
exactly as we did underneath (23)): we first consider the test {(0%,02) : 02 > 0} vs. {(67,0?):
02 > 0} for the fixed given §* using the REGROW criterion with f((6,0)) = GRO(4, o).
We have (Koolen and Griinwald, 2021} Section 4.3) that f(6T,0) = (n/2)log(1 + §2) is con-
stant on 0. Therefore we can use Theorem [I] in its most general form above in combination
with Theorem [2| (applied with point prior W/[d] on 67) to conclude that (both the GROW
and) the REGROW e-variable are given by E}, := pf, (V)/p;_(V). Since Propositions
applicable to sets of distributions defined on V rather than Y (details in Appendix [B.3)),
we find that, with &5+ := {E5 : 0 > 67} that SWppee, . inf,0 555+ Ey~p;,[log E] =
infy05>5+ Ev~p;,[log £5] so E5, may be thought of as first applying REGROW, to get
rid of the nuisance parameter, and then applying GROW — just like in the 2 x 2 Example

Extension to General Group Invariant Bayes Factors In a series of papers (Berger
et al| [1998, Dass and Berger, 2003, Bayarri et al., 2012)), Berger and collaborators developed a
theory of Bayes factors for Hy = {FPo, : v € I'} and Hy = {Ps : 6 € A,y € I'} with a nuisance
parameter (vector) 7 that appears in both models and that satisfies a group invariance; the
Bayesian t-test is the special case with ¥ = ¢,I' = R" and with the scalar multiplication
group and ¢ an ‘effect size’. Other examples include regression based on mixtures of g-priors
(Liang et all [2008), testing a Weibull vs. the log-normal and many more (Dass and Berger,
2003). The reasoning of the first part of this section straightforwardly generalises to all such
cases: the Bayes factor based on using the right Haar measure on 7 in both models gives
rise to an e-variable. Theorem 4.2. of [Perez et al.| (2022) shows that, if the underlying group
satisfies a condition called amenability (which holds, e.g., for scaling as in the t-test, but also
for e.g. rotations and affine transformations as in parametric linear regression models), then
the resulting Bayes factor is GROW relative to a suitably defined set W;. Theorem [2] above
is the very special case of their result when instantiated with + instantiated to the variance
in the t-test (scaling). Although its proof is quite different, the general result may be viewed
as the ‘e-variant’ of the classical Hunt-Stein theorem (Lehmann et al.; 2005, Section 8.5),
with ‘power’ in that theorem replaced by ‘GROW’. (Perez et al., |[2022, Proposition 4.4) then
implies that in all such cases, this GROW Bayes factor is in fact also REGROW. Remarkably
therefore, with parameters representing group transformations, unlike e.g. for the 2 x 2 case,
GROW and REGROW e-variables generally coincide.

5 (RE)GRO(W), Optional Continuation and Stopping

We now address two related questions:

1. We focused on Type-I error safety under optional continuation (OC). Can we also get
safety under optional stopping (OS), and what is the difference?

2. The GRO-criteria were chosen to optimise expected capital (logarithmic) growth ‘lo-
cally’, within a study. How well do GRO-criteria go together with OC over several
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studies?

To make the questions concrete, we consider a specific set-up with data stream Y} 1,Yjo,...
corresponding to the j-th study to be performed. In the first study we observe batch of
outcomes Y (1) = (Y1,1,...,Y1,n,,); in the second study (if it is performed at all) Y(5) =
(Yar1,... 7Y2,N<2)); and so on. For further simplicity we will assume that all Yj; are i.i.d.
The set-up slightly differs from Example [3] in which the second study’s data was part of the
same stream as the first; at the expense of additional notation, everything that follows can be
formalized in that setting as well.

The conditional e-variables determining our test martingale are now determined by a se-
quence of stopping times N(1), N(g),.... The first stopping time N(;) is defined as a stopping
time on the first sequence Yj 1, Y 2,. .. relative to filtration (o(Y}")), and defines a stopped

o-algebra F(q) 1= G(YIN(I)) = O‘(Y(l)). N(g) is defined on the second sequence Y2 1,Y23,.. .,
but it is also allowed to depend on previous data Yy, i.e it is a stopping time relative to
filtration (o(Y (1), Y3"))n, and defines a stopped o-algebra F(5) := o(Y (1), Y(2)). In general,
N is defined relative to filtration o(Y (1), ..., Y (—1), Y;)n, and defines a stopped o-algebra
Fm) = 0(Yy, -, Y(my). We let Ny, be the collection of all stopping times for the m-th
study, i.e. relative to O'(Y(l), vy Y(mo1), Ym1, - - . Yn)n. The sequence of stopped o-algebras
thus defines a new filtration (F,,))m, which we call the filtration at the study level, since F(,,
denotes all information available after m studies or trials have been completed — it is the
filtration referred to in Proposition [2 (for the t-test we need to extend this set-up a little, see

Example .

OC vs. OS In the optional continuation setting, we assume that, after having observed
and analyzed m — 1 studies, we either stop, or continue to the next study. In the latter case
we need to specify a stopping time N,;,) € Mm) and a conditional e-variable E(,,) € &gy
where &,y is the set of all F,,_;)-conditional e-variables. For example, in the setting of
Example |1} with a simple null Ho = { Py} and composite alternative H; = {Fy : § € ©1} and
N(m)y € N an arbitrary stopping time for the m-th study, €N<m),W(Ym,1, .. .,Ym7N(m>) =
pw (Y1, -, Ym,N(m))/pO(Ym,la e 7Ym,N(m)) is an e-variable for every ‘prior’ distribution W
on O; (here we generalize the notation of Example || to allow for data-dependent stopping
times). In this setting the analyst can freely choose (or somebody else can impose) any N,
and any W and use the corresponding e-variable e Ny, W' all such e-variables are contained in
the set &(,,). As explained in Example |1} this includes the choice to set W,y := W) (re-use
the original prior) and the choice to set W,y := Wy (- | Y(™=1) ie. use the Bayes posterior
based on the previous studies.

We can now interpret our various GRO criteria as each providing a prescription to choose
specific elements of EN(m), for all stopping times N(;,,) that are constant given the outcomes

of previous studies Y (™1

, 1.e. that are F(,,_i)-measurable. To see this, note that each GRO
criterion in combination with #o and H; defines, for each n, an e-variable S for a single
sequence Y7, ...,Y,. In all cases, this can be written as Sl = glnl (Y™) for some function s[”];

the function s is what is really specified; we call sl sl an e-specification. If N, (m) *= T,
we can thus simply set E,,) := s[”m}(Ym,l, s Youn ). We call this the plug-in method for
constructing E,,) from specification st sl (such specification may correspond to one of
our GRO criteria, but in general it could be arrived at in different ways as well) . The running
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Figure 3: Two ways of applying seqdec e-variable specifications to subsequent studies. We
observe N(;) = 4 data points in the first study (represented by the top and bottom-most line),
and N(g) = 5 data points in the second (represented by the 2nd and 4th line above). Since the
specification is seqdec, it provides a sequence of functions s; on Y*, represented by the dots on
the red-line. The plug-in application uses s/ for the first batch and sl°! applied to the second
data batch, as depicted in the top two lines. The sequential application uses sl4 for the first
and H?Zl SNy +i for the second, as depicted on the bottom two lines. If the specification is

not seqdec, then sl does not decompose into a product of s; and in general only the plug-in
application can be used.

product of F(,,) thus constructed provides, via Proposition |2} a test martingale at the study
level.

In contrast, optional stopping scenarios usually concern only a single data-level process
Y1,Ys, ..., without any super-structure in terms of subsequent studies. The scenario is com-
pletely determined by a sequence of conditional e-variables S7,S59,..., i.e., applying Defini-
tion |1) at the data level, such that for all n € N, for all P € Hg: Ep[S, | Fn-1] <1 a.s., with
Fn = o(Y™). Their running product S, SR (with SI" = []7, S;) then forms a test
martingale. Recall from Corollary [1] in Section that for any nonnegative random process
EM E® . at the study level (adapted to (F(m))m) we say that the corresponding threshold
test is safe under OC (with respect to Type-I error) if the Ville-Robbins inequality @ holds.
Extending this definition in the natural way, we say, for a data-level process of nonnegative
random variables S|SB ie. with SU! adapted to Fj, that the corresponding threshold
test is safe under OS (with respect to Type-I error) if again the Ville-Robbins inequality holds
(with E() .= sy,

Sequentially Decomposable e-Specifications In many (not all) cases, the GRO-specification
sl sl ... forms itself a test martingale relative to some filtration (G,),: there exist a se-
quence of functions s1, so, . . ., with s; a function on }*, such that, for all n, s/ (Y") = |
with S; := s;(Y?) and {S;}; is a conditional e-variable collection relative to filtration (G, ).
We will say that such an e-variable specification is sequentially decomposable, or seqdec for
short, relative to filtration (G, ),; in all our examples except the t-test (Example [§) we can
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take G, = o(Y™). Seqdec specifications have a direct link with the OS setting, resulting
in three remarkable properties: first, assuming still that data are i.i.d., any study-level test
martingale process we can construct via the plug-in method (see above) based on a seqdec
specification also defines a sequence of conditional e-variables and hence a test martingale
at the corresponding concatenated data level Y{,Yy, ... where Y/ is arrived at by relabeling
Yl,la }/1’27 e ,Yl,Nu),YVQJ, Y272, ey Y27N<2),Y371, ... in order (SO that e.g. Y]<7(1>+N<2) = }/'27]\[(2)).
This defines a concatenated data-level filtration (G;); with G; = o(Y{,...,Y/). The corre-
sponding sequence of conditional e-variables is then given by S},55,... where, for T(g) := 0,
m € N, 1 <i < Ngyy, Tim) = ZTzl Njy, we set S’T(m)ﬂ = 8i(Ym1,---, Ym,i). This means
that besides engaging in optional continuation, we can also safely do optional stopping at this
concatenated-data level, since the Ville-Robbins inequality holds at this level by Corollary

Second, we can use seqdec specifications to extend the plug-in method (which required con-
stant stopping times N(,,)) to prescribe conditional E-variables for stopping times N(,,) that

(m—1). N(m)

are not constant given Y : for arbitrary N(,,) € ./\f(m), we set By = [[,21" si(Ym,1, -+, Yim)-

By construction, this reduces to the plug-in method whenever N, is constant given Y (1),

so it is a proper extension, and it follows as a direct corollary of the fact that E,,) can be

. Nm
rewritten as [[,_7" ’T( s
- .

constructed in this manner for any seqdec specification is a F(;,_1)-conditional e-variable.
Third, seqdec specifications allow for alternative ways to create study-level processes
from e-specifications beyond the plug-in method used thus far. For example, we can set
Ey = fV:(’f) 5T<m71)+i(Y(m_1), Y1, -, Ym;) for arbitrary stopping times N(qy, ..., Ny
Once again, this also defines a martingale at the concatenated data-level — it is simply the
martingale that arises if we view the m studies as one single, long sequence of T{,,,) data points.

We call this the sequential application of the e-variable specification — see Figure

i.e. a product of factors in a test martingale, that any FE,,)

Example 8. All GRO-type specifications based on a simple Ho = {FPy} are likelihood ratios
sl = q(Y?)/po(Y?), and hence will be seqdec and can thus be combined with optional stopping.
In Example (1} choosing W(,,) := W) | Y (=1 to be the Bayesian posterior corresponds to
the sequential application of the W()-GRO specification of Section ; using W,y := W)
corresponds to the plug-in application of the W()-GRO application. This illustrates that we
may think of our GRO criteria not as prescribing a single choice E,,) € £ Nimy» Put rather as
suggesting to choose E(,,) from a preferred subset Efv(m) of € Nimy 3 the end-user may then pick

any e-variable in £ ]’V( - For example, in the case of Examplewith simple Ho, we may further

specify a set of distributions Wy | Y (™1 on ©, that we deem ‘reasonable’ given previous
outcomes Y1 which may include the full Bayesian posterior, the originally used prior,
combinations of these, tempered posteriors and so on; and we may then suggest the set 5}\{( :

of all e-variables for the m-th study based on a prior in Wy | Y™,

For the (RE)GRO(W)-specifications with composite null, one immediately verifies that
those of Proposition [3]and Example [ also are seqdec, since they equal the likelihood ratio be-
tween the same two distributions Pjs+ and Pjs- irrespective of n. The t-test GROW/REGROW
e-variables for arbitrary prior W[d] on § as in are seqdec as well, but to formalize this state-
ment we have to extend the setting. In general, the seqdec definition makes sense for every fil-
tration (Gp,), with G, = o(V"™) where V,, = v, (Y™) for some sequence of functions vy, vg, ... de-
fined on Y, V2, ... respectively. The previous definition is the special case with v, (Y") = Y,,.
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In the t-test example we can take V,, as in Section such that v,(Y7,...,Y,) = Y, /|Y1|.
Let us illustrate how, with this coarser filtration, we can still apply the plug-in method for
non-constant stopping times N(,,). For this, we also have to coarsen the filtrations relative
to which the Ni,,) are defined : the set of allowed stopping times ./\/'(m) is now restricted
to lie in (Fp—1) Uo(Vin,1, -5 Vinn))n With Viy = v;n(Yj1,...,Yj,) for some collection of
functions (vj,), (recall that before they were members of (F(m_l) Uo(Ym1,-- Ymn))n) -
For the t-test example we set v;n(Yj1,...,Yjn) = Yjn/|Yj1|. The study-level filtrations
Fay == oY), F2) == o(Y1), Y(2)), . . . remain unchanged and do not hide any information in
the Y(;y. In practice the restriction of /\f(m) will not be of much concern since ‘most’ stopping
times are still allowed, including the most aggressive stopping rule: stop the m-th study at the
smallest n’ such that H?;l 8i(Vin,i) = 1/a(m), where a(p,_1) is some threshold that is allowed
to depend on Y (™1 We can also allow for the sequential (rather than plug-in) application of
the t-test e-variable specification so that effectively we view all studies as subsequent outcomes
of a single study, by restricting the filtrations in a slightly different way; we omit the details.
We can even let the choice between a sequential or plug-in choice for F(,,) depend on past
data, but this requires further generalizations of the F, and (vj,), definitions that we shall
not pursue here.

Summarizing, the practical setting we have in mind when we speak about OS and OC
respectively is quite different: OC concerns study-level martingales constructed by deciding,
on the fly , after the m — 1-st study, whether to continue to the m-th study and if so, what
new J(,,_1)-conditional e-variable to take from the set &) of possible e-variables of use.
OS is about data-level martingales with only a stop/continue choice. Nevertheless, the formal
definitions of (Type-I error) ‘safety under OS’ and ‘safety under OC’ only differ in that ‘study-
level” is replaced by ‘data-level’. We may say that combining e-variables E(,,) by multiplication
is always Type-1 error safe under OC. If the e-variable prescription used to construct E(,,y has
the seqdec property, then the stopping times N(,,) used in each study do not need to be specified
before the study starts and can even be externally imposed, so that we have Type-I error safety
not just under OC but also under OS within each individual study.

There is one final subtlety to consider: in the OS setting, with a single stream of data
Y1, Ys, ... and conditional e-variables S;,So, ... and test martingale S, B . . the Ville-
Robbins inequality implies that our Type-I error bound « is guaranteed no matter when
we stop — in particular, the actual stopping time does not have to be taken relative to the
filtration (G,), — we may even peek into the future to decide whether to stop now. This
suggests that our care in specifying the correct filtrations for the t-test was unnecessary —
it seems we can use any stopping rule we like! But this becomes incorrect once we move
from OS at the data-level to OC at the study-level: if, in the t-test setting with the plug-in
construction of the e-variable E,,) for the m-th study, we were to set the N(,,) so that they
are not stopping times relative to (F,—1) Uo(Vin1, - ., Vinn))n but only relative to the more
refined (F(,—1)Uo (Y1, - -5 Yimn))n , we could end up creating fake conditional e-variables at
the study-level, i.e. so that Ep, [E(y,) | F(m-1)] > 1 for all m ((Perez et al., 2022, Appendix B)
constructs such a random variable for the t-test). And then the Ville-Robbins inequality may
not hold any more at the study-level, and we loose the Type-I error guarantee under optional
continuation.
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Local vs. Global GRO Now consider two data streams, Y1 1,...,Y1,, and Ya1,...,Y5 5,
of fixed lengths ny and no. We may alternatively model these two streams as a single
stream Y{,...,Y; ., of length ny + no. If we use an e-variable specification with the se-
qdec property to generate a study-level test martingale in the sequential way (i.e. not the
plug-in way) described above, we will get that, E® = E() - E(3) constructed for the first
two data streams (with Eqqy = [T, s(Y") and E(9y = [[72; sn, (Y™ ™)) coincides with
EEI) = T2 sl(Y/) constructed for the single alternative stream. We may thus say that
the sequential application of seqdec e-specifications is always coherent: applying the spec-
ification sequentially-‘locally’ (separately for both studies) or sequentially-globally (for the
concatenated data viewed as one study) gives the same result. For example, the Bayesian
W-GRO specification of Section the GROW specification of Proposition [3land Example
and the GROW and REGROW specifications in the t-test example are all seqdec and hence all
have this coherence property when applied sequentially. Sometimes the sequential application
of an E-prescription is not feasible or desirable; for example, not all details of previous data
may be known. We may then prefer the plug-in application of the E-prescription. Unfortu-
nately, the seqdec property is not sufficient to get coherence for the plug-in method: clearly,
if we use the same prior Wy as prior in the Bayesian Example |3| for the first and the second
study, this leads to different £ and Eél), the latter being equivalent to using the posterior
of the first study as prior in the second. A sufficient condition for a plug-in application to
satisfy coherence after all is that it satisfies both the seqdec property, and further that s;, with
S; = 5;(Y?) as in the definition of seqdec, can be rewritten as s;(Y?) = s/(Y;) for a single func-
tion s, for all 2. Then in fact the plug-in and the sequential application of the e-prescription
will coincide, and coherence is guaranteed. This happens in the subset of our examples in
which sl1(Y?) takes the form ¢(Y?)/p(Y?) for the same p and ¢, for all i, as happens e.g. in
Example

An Open Question concerning GRO In practice we may very well be in a situation in
which OS at the data-level is desirable (see the next section for why it would be), so we want
to use a seqdec specification, yet the GRO criterion we are interested in does not give one
— Example [J] illustrates this for the 2 x 2 case. We may then try the following approach,
which for simplicity we only describe for the REGROW criterion: let E,J; be the REGROW
e-variable achieving with f(6) = GRO(#) for samples of size n. We try to find a
sequence of e-variables Ey, Fs, ... such that E; is a o(Y?*~!)-conditional e-variable for ¥; and
the product e-variable ElM := [Ii-, E; achieves to within some fixed e for all n larger
than some minimal ng, i.e.

inf ( Ey~p,|log ] — GRO(#) ) > Jnf (Ey.p,[log Ell— GRO(§) ) —e. (31)
€0,

0cO,
By construction, the sequence EW. ER . is seqdec and allows for optional stopping, and if
we can find Eq, Fo, ... such that e is small for all n larger than or equal to the ng corresponding

to the smallest sample we’d ever be interested in analyzing, we can say that the full process
(and not just an instance at a fixed n) is ‘almost’ REGROW in the desired sense.

Example 9. Turner et al.| (2021) successfully use this idea for the 2 x 2 model. We illustrate
this confining ourselves for simplicity to a stream of paired data, i.e. X1 = a,Xo = b, X3 =
a,Xy = b,.... First, we note that directly applying the idea above will not work. To see
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this, consider the simple alternative ©1 = {(ft1)4, ft1)5) }. According to the composite null, the
Y; are i.i.d. Bernoulli with parameter p € [0,1], but the GROW(01) = GRO((#1]a, t11))-
e-variable for such a Hy and single data point Y; is the trivial £ = 1. Thus we would get
all E; equal to 1, and zero growth. However, if we analyze the data in batches of size 2, so
set Y/ = (Y1,Y2),Yy = (¥3,Yy) and take as E] = e(Y}) the (nontrivial) (pi1)q, ft1)5)-GRO-e-
variable for Y/ = (Ya;_1,Ys;) then EM = [, E! is the (#41]as H1)p)-GRO-e-variable for all
n: we have the seqdec property and coherence, both for the sequential and for the plug-in
method of applying the (p|q, ft1)5)-GRO-prescription. Now in practice we want to consider a
composite alternative — say we consider the full alternative ©; = [0, 1]2. Then the REGROW
prescription will not be seqdec - the prior W} in depends on the sample size n. However
it turns out that for a particular choice of prior W (Turner et al. (2021) find it to be the
beta-prior with parameters o = 3 = 0.18) we have the following: if, for all ¢, we take E the
W | Y"71.GRO e-variable, W | Yi=! being the posterior based on Y"*~!  then we numerically
find that E'"l =[], E! is, for all but the smallest n, very close to the REGROW e-variable
E,]: for that n, i.e. it achieves |D for small e.

The example raises an important question: under what conditions (on model, minimal
batch sizes and the like) can we create a seqdec specification that behaves optimally for our
desired GRO criterion (as in Section with W-GRO, and in Example , with the GROW
criterion) or almost optimally (as in the 2 X 2 example above with batch size 2, with the

REGROW criterion)?

6 Competitiveness: GRO and Power

What sample size should we minimally plan for in a study so that we may expect a useful
result? The answer depends on whether one looks at e-values purely as measures of evidence,
without an accept/reject decision attached, or whether one considers such decisions after all.
In the latter case, we can ask, more generally, how competitive e-value based tests are, in
terms of required sample size, compared to the standard fixed-sample size Neyman-Pearson
approach. We consider the cases without and with accept/reject decisions in turn.

e-Values as Evidence e-values may be viewed simply as a measure of evidence, extend-
ing the evidential interpretation of likelihood ratios (Royall, [2000). They are then certainly
competitive in every sense: for simple Hg they coincide with likelihood ratios and Bayes fac-
tors, and will give thus as much evidence as these notions do; for composite Hy, GRO(W)
e-variables are designed to give as much expected log-evidence against Hy as possible without
violating the optional continuation requirement — in practice in some cases giving a bit more,
and in some cases a bit less evidence against the null than standard Bayes factors (see [Turner
et al.| (2021)) for a practical example).

Now suppose we have a minimal effect size J in mind, and we plan a study in which
obtaining data is expensive. What sample size should we plan for? One option is to pick a
certain target growth L (essentially the logarithm of [Shafer| (2021)’s notion of “implied target”)
and determine the sample size at which we expect to gain L. To illustrate, consider the 1-
dimensional exponential family case of Example {4 with ©g = {0}. We know that, for a sample
of size n , under all ; € ©; with ©; = {0; : ; > §}, we have GROW(0;) = nD(Ps||Fo)
where D(Ps||Py) is the KL divergence for 1 outcome. We then calculate ngrow as the smallest
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n such that nD(Fs||Py) > L, i.e. ngrow = [L/D(Ps||Pp)]. In the Gaussian location model,
D(Ps||Py) = 62/2, so n = [2L/§?]. We return to the question of choosing L below.

e-Values for Decisions We can also use e-values in the traditional setting, in which a study
ends with an accept /reject decision — with the proviso that any decision is provisional, since
there always is an option to continue and combine the results with a new study. For better or
worse, this is the paradigm that researchers often have to work in, and within this paradigm
they will inevitably be interested in the power for the experiment ahead. They will then plan
for a certain sample size n to achieve such power, with a minimal relevant effect size ¢ in
mind. As long as the e-variables themselves are chosen according to a GRO criterion, such
a use of power as a ‘secondary’ criterion used merely to determine sample size is consistent
with the GRO approach. In order for e-variables to be embraced by practitioners, we would
hope that the sample sizes required to achieve a certain desired power with GRO-e-variables
would be competitive with the standard approach based on Neyman-Pearson tests. We now
study whether this is the case. For simplicity we only consider the Gaussian location model of
Example |3, where H is the standard normal N(0,1) and #H; the set {p, : p € ©} of normals
with variance 1. All results readily generalise to 1-dimensional exponential families.

Power: planning for a Fixed n For comparison, recall that a standard one-sided NP test
at level o would reject if i > z,/+/n with 2z, the (1 — «)-quantile of the standard normal with
20.05 = 1.645, zp.01 = 2.33. By standard calculation (see Appendix , under an alternative
with mean > ¢, the sample size needed with this test to get power at least 1 — 3 satisfies
Npp = C’np/é2 with Cpp = (20 + 25)2; for @ = 0.05,8 = 0.2 we get Cyy =~ 6.180. For the
same ©1 = {u : p > 0}, we can also calculate the sample size needed to get power 1 — /3
using the GROW e-variable of Example If we use a fixed sample size n, we reject if
logps(Y"™)/po(Y™) > —loga. By a simple calculation, for o > 1/2, the smallest n at which
we have power at least 1 — (3, is given by setting

2
N grow-fized = 2 - % . (1 + Zﬂ) = CqNpp With ¢, = L;oga). (32)
Zo, 22
We have cgo5 ~ 2.2; cp.o1 = 1.7 and ¢, very slowly converges to 1 in the limit a | 0: up to a
constant factor of about two we need the same amount of data as in a classical approach, and
the width of the induced confidence interval is of the same order. We can therefore choose a
GROW FE* that is qualitatively more similar to a standard NP test than a standard Bayes
factor approach. Using instead a standard Bayesian prior W7 on ©; with the W;-GRO e-
variable has the advantage of not needing to specify any § in advance, but the number of
samples to get power 1 — (3 is larger by a logarithmic factor (Appendix .

The evidential target growth and the maximal power approach are not contradictory: for
any particular choice of o and S, there is a choice of L such that the planned-for sample sizes
become the same function of § (but of course the L resulting from o = 0.05,5 =1 — 0.8 will
be just as arbitrary as these choices were in the first place).

Power with Optional Stopping — a Tragedy of the Commons? No matter the
considerable advantages of being safe under optional continuation, the factor of about 2 of

27



— NP-test
---- BF n-max
— BF T
--- Safe Test, n-max
— Safe Test, T

25

relative sample size
20
1

075 1.0

0.05 0.2 0.4 0.6 0.8 1.0

Figure 4: Factor of additional data needed to obtain a power of 1 — 8 = 80% compared to a
Neyman-Pearson z-test, as a function of effect size (mean) for the Bayesian e-variable as in
Example 3] with normal prior and the GROW e-variable with minimum relevant effect size § as
in Example [4|under optional stopping, both in expectation (79g) and in worst-case (nmax(0.8))
(for very small and large §, the normal prior we used for the Bayesian e-variable may not be
the prior of choice, but the results are representative for other priors one might use at § ~ 0.5).

extra data needed to get a desired power might scare away practitioners from adopting the e-
variable approach. The situation changes completely once one adopts optional stopping. As we
saw in the previous section, many testing problems allow us to use e-variables that remain safe
under optional stopping — and we can use the most aggressive stopping rule that stops as soon
as either F,, > —loga (and we reject) or a pre-set maximum np,,x is achieved (and we reject
if E,,,.. > —loga and otherwise accept). A simple but quite accurate approximation of the
resulting stopping time 71 for i.i.d. data in the GROW setting of Example[d when setting nmax
to 0o is given by using Wald’s equality in a manner first set out by |Breiman (1961); Ter Schure
et al|(2021) give details. It gives for data Y7, Y>,... ~ Ps, that Ep, (7] = (—log )/ D(F5|| Po)
with D(Ps||Py) the KL divergence for a single outcome. For the Gaussian location family
D(Ps||Py) = §?/2, and we get Ep,[r1] ~ 2(—loga)/6%. Comparing to (32)), this gives that
with npax = 00 (so that the power of our test is 1), the expected stopping time will be in fact
already smaller than the fixed stopping time we get with the Neyman-Pearson approach at
power 1— 3 set to 0.8. In practice we will choose nyax(5) to be the smallest number so that the
overall procedure has power 1 — /3, resulting in a stopping time 74 = min{71, nmax(3)}. The
expected stopping time is then really even smaller. Figure[d]demonstrates this for the Gaussian
location family. As the figure illustrates for the case B = 0.8, we have nma.x(8) = Cs /5% and
E[r5] = 0&5/62 for Cg 5 and Cj 5 that remain within constant bounds as § varies. We can in
fact heuristically derive analytic expressions (integrals) for the limits Cz ¢ and Cé,o ford L 0
by rescaling the log-likelihood process (logps(X™)/po(X™)), to become compatible with a
Brownian motion with drift, see Appendix These give, for 8 = 0.2, Uz = 8.5936 and
Cj o = 4.971 in accordance with Figure 4l Experiments with a logrank test (Ter Schure et al.,
2021), t-test (in the vignette of R package (Ly et al., [2020)) and 2 x 2 tables (Turner et al.,
2021) all confirm the picture that arises from Figure with e-variables based on optional
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stopping one needs on average less data to achieve a certain desired power, but one needs
to prepare for more data in the worst-case. Taking stock, we can conclude that if current
standard null hypothesis tests were replaced by e-value-based tests, and the standard practice
to determine study sizes were replaced by the one above, and the percentage of studies in
which the alternative is true is not too small, the world would need on average about the same
or even a bit less data than it does now, to reach substantially more robust conclusions and
better meta-analyses. Yet — at least as long as scientists insist on power and significance
requirements — each individual study would have to plan for substantially more data, giving
researchers an incentive not to adapt these new methods. We see this Tragedy of the Commons
as one of the biggest obstacles for uptake of e-variables in practical settings.

7 Earlier and Related Work

e-Variables, Test Martingales, Information Projections, General Novelty As seen
in Section e-variables are the building blocks of test (super-) martingales, which go back
to |Ville (1939)). E-variables themselves have probably been originally introduced by Levin
(of P vs NP fame) (1976) (see also (Géacs, 2005)) under the name test of randomness, but
Levin’s abstract context is quite different from ours. Independently discovered by [Zhang et al.
(2011) (under the name PBR (prediction-based ratio)) they were later analyzed by |Shafer et al.
(2011) (calling them, with hindsight confusingly, Bayes factors); Shafer and Vovk| (2019), |[Vovk
and Wang| (2021)) (e-variables/values) and |Shafer| (2021)) (bets/betting scores) — we originally
called them S-values ourselves. The literature seems to converge to e-variables and -values.
Here the e may either stand for evidence or for expectation.

Test martingales themselves have been thoroughly investigated by [Shafer et al. (2011)),
Shafer and Vovk (2019). They themselves underlie AV (anytime-valid) p-values (Johari et al.|
2021), AV tests (which we call ‘tests that are safe for optional stopping’) and AV confidence
sequences. The latter were recently developed in great generality by A. Ramdas and collab-
orators; see e.g. (Balsubramani and Ramdas, 2016, Howard et al, [2021]). Both AV tests and
confidence sequences have first been developed by H. Robbins and his students (Darling and
Robbins|, 1967, |Lail, 1976, [Robbins, [1970)). Like we do for e-variables, Ramdas et al. (and also
e.g.[Pace and Salvan| (2019)) stress the promise of AV notions for a safer kind of statistics that
is significantly more robust than standard tests and confidence intervals.

Just like regular tests can be turned into confidence intervals by varying the null and
‘inverting’ the resulting tests, AV confidence sequences can be created by starting with a
collection of test martingales, one for each null, and then varying the null (it is sometimes
claimed that problematic aspects of null hypothesis testing are mostly due to the very idea
of a ‘null hypothesis’ or a significance level (Cumming} 2012, McShane et al., 2019). Without
wanting to take sides in this issue, we note that standard confidence intervals are just as
unsafe under optional continuation as standard Neyman-Pearson hypothesis tests). The work
on AV tests and confidence sequences is therefore very similar in spirit to ours, with our
work stressing analysis at the level of batches of data rather than individual data points, and
with the AV work bringing out the difference to Bayesian approaches more explicitly (AV
1 — a-confidence intervals are typically wider than Bayesian 1 — a-credible sets). In fact we
do not claim any real novelty for the ‘safe’ or ‘AV’ setting per se: the real novelty of this
paper is in the four versions of Theorem [I] As far as we know, these results are new, with
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the exception of a special case of the simplest version of Theorem [1| (Section : the case of
discrete outcome spaces, simple H; and convex Hg was already formulated and proved by
Zhang et al.| (2011)). Theoremheavily builds on properties of standard- and reverse and joint
information projections about which there is a rich literature, key references being |Csiszar
(1975), Topsge (1979), |Csiszar and Tusnady| (1984), (Csiszar and Matus| (2003). Both the
standard and the reverse information projection are special cases of F'-divergence projections,
investigated in great detail in both the information-theoretic community (Riischendorf, |1984)
and the mathematical finance community (Gundel, 2005, Follmer and Gundel, 2006); the
robust optimization problems in the latter two papers, when instantiated to logarithmic utility,
bear some resemblance to our GROW criterion. While the details and the motivation are quite
different, it would be of interest to study the connections further.

Relation to Sequential Testing Sequential testing (Lai, 2009, Siegmund, 2013)), pioneered
by |Wald (1947)) and Barnard, is mathematically very similar to, but conceptually quite different
from, testing based on test martingales and (therefore) e-variables. Sequential tests are made
for streams of data Y;, Y2, ... as in Example[IJand Section[5]and are based on random processes
(Si)ien such that, for each i, S; is a conditional e-variable given Yi,...,Y;_; under Hyp, and
1/S; is a conditional e-variable given Yi,...,Y;_1 under H;. Of course, this two-sided e-
variable property only holds in quite special cases — roughly under the same conditions as
Proposition [3| (monotone likelihood ratio), i.e. in our Example {4 and for the ¢-test with point
prior on §7,57. In such a setting, the sequential test based on S7,Ss,... with prespecified
parameters «, 3 proceeds by calculating S1, 59, ... and stopping at 7%, the smallest 7 at which
either S; > (1 — )/« (‘accept’) or Sy < (1 — «)/B (‘reject’). Wald showed that this test has
Type I error probability bounded by a and Type II error bounded by 8. The reason one can
stop at a smaller threshold ((1 — )/« rather than 1/« is that one has to stop at 7%, Thus,
the method does not allow for optional stopping in our sense: conceptually, sequential tests
were designed for special, pre-specified stopping times. Still, much work in sequential testing
can be re-cycled to obtain test martingales and e-values — but not always vice versa since
e-variables are often not ‘two-sided’.

Related Work on Relating p-values and e-variables [Shafer et al. (2011) and |Shafer
and Vovk| (2019) give a general formula for calibrators f (see also |Vovk and Wang (2021)
and Vovk (1993), [Sellke et al.| (2001) for early work in this direction). These are decreasing
functions f : [0,1] — [0, 00] so that for any p-value p, E := f(p) is an e-variable. The choice
of any such calibrator is essentially arbitrary, but, following |Shafer| (2021)), let us consider one
that is especially simple: f(p) = 1/,/p — 1. For example, for any calibrator f suggested for
practice, rejection under the e-variable based test with significance level o = 0.05, so that
E > 20, would then correspond to reject only if p < f~1(20) = 1/441 = 0.0023, requiring a
substantial amount of additional data for rejection under a given alternative. Note that the
e-variables we developed for given models in previous sections are more sensitive than such
generic calibrators though. For example, consider the normal location family of the previous
section. With the calibrator above, we would reject if /i > 20.0023/v/1 ~ 2.8/+y/n. The amount
of data to plan for to obtain power 80% would then be ~ (2.8/1.65)%*n,, ~ 3.0n,,, whereas for
the e-value based on the normal likelihood ratio we would need ~ 2.2n,,,, and even significantly
less under optional stopping.
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8 GRO: Discussion and Open Problems

In this paper we provided several motivations for our various GRO criteria as we introduced
them, in Section Here we reflect on the strength of our arguments in sequence-of-studies
settings when taking the running products of the per-study GRO e-variables. Let us first
consider a simple alternative @ as in Section [2.I} so that GROW and REGROW criteria
coincide with GRO. In an optional continuation (OC) context, the justification of GRO is
strongest if all study outcomes Y (1), Y (2),... are independent and the variances of log E,,)
under @ for the GRO e-variables E,,) are not too large. As pointed out by a referee, if
these variances are large, there could be prolonged periods of ‘draw-downs’ — in the gambling
interpretation, independence ensures, by the law of large numbers, that asymptotically the
GRO e-variables maximize our capital; but if there is high variance, there may be several
studies in a row during which the product of all e-values so far remains low, a fact well-known
among economists. Moreover, i.i.d. data and the seqdec property are required for another
central justification of GRO in the optional stopping setting, namely Breiman’s insight that
the expected stopping time before one can reject is minimized by maximizing expectation of
the log capital (Ter Schure et al.|(2021) explain this in detail). This issue may perhaps in some
cases be resolved by instead of adopting the ‘global’ GRO e-variable (among all e-variables
for the null), taking an alternative e-variable that is GRO among a subset of e-variables
with sufficiently low variance under ). Such low variance e-variables would presumably look
quite different from likelihood ratios and Bayes factors though, since for given ©g, the only
e-variable that can be obtained by projecting on W(©y) is the unconstrained GRO e-variable:
e-variables that are optimal in a non-GRO sense cannot be obtained by projection, even if
KL is replaced by another distance or divergence D": Corollary [2f implies that, with W =
arg miny)epw(e,) D'(Q; Pw), we have that £’ = q(Y)/pw;(Y) does not give an E-variable
unless W also minimizes the KL divergence, i.e. if E' is an E-variable at all, it must be
GRO.

In case H; is composite, then even if the Y(; are independent and the variances are
low, there may be alternatives to GROW and REGROW that are sometimes preferable. For
example, if we are in an OS setting and we use our tests as the basis for always-valid confidence
intervals (see the previous section), we may want to aim for the conditional e-variables that
lead to the confidence intervals that shrink to 0 at the fastest possible rate, which for regular
1-dimensional parameters of interest is usually O((loglogn)/n) (Howard et al., [2021). These
are not obtained by REGROW e-variables (which, by extending the reasoning of Example
in parametric problems achieve a width of O((logn)/n)). The narrower O((loglogn)/n) can
be achieved by the switching strategies of |[Erven et al. (2012) or the stitching method used
to design test martingales by Howard et al|(2021). A more precise understanding of whether
such methods can also be re-understood as optimizing a variation of GRO, and more generally
what meta-GRO criteria are reasonable at all, and in what situations, is needed. This includes
the question of when any variation of GRO automatically provides seqdec, or close-to-seqdec
specifications, allowing us to engage in OS (Example [9). Answering these questions is a major
avenue for future research: it ultimately determines how widely applicable GRO criteria really
are.
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9 Could Fisher, Jeffreys and Neyman Have Agreed on a Curren-
cy for Testing?

The three main approaches towards null hypothesis testing are Jeffreys’ Bayes factors, Fisher’s
p-value-based testing and the Neyman-Pearson method. In the paper Could Fisher, Jeffreys
and Neyman Have Agreed on Testing?, Berger| (2003)) noted that, while these methodologies
seem superficially highly contradictory, there exist methods that have a place within all three.
The developments in this paper lead to the conclusion that e-variable based testing — although
it differs in some technical respects from Berger’s proposals — is very much in the same spirit:

Concerning the Neyman-Pearson approach: e-variables lead to tests with Type-I error guar-
antees at any fixed significance level a;, which is also the first requirement of a Neyman-Pearson
test — requiring safety under optional continuation or optional stopping simply enforces the
requirement to hold over a non-pre-specified sequence of studies, which is a natural require-
ment in scientific applications. Since there is then no single study any more, the concept of
‘power’ looses its centrality (and may be upgraded to requiring power one), and growth-rate
optimality is a natural quantitative refinement. The fact that a high growth-rate corresponds
to a high value of Ep, [log F] under H; whereas a high power corresponds to a high probability
that Pj(log E > —loga) also shows that GRO and power remain intimately connected in
e-variable theory as well.

Concerning the Fisherian approach: here, p-values are interpreted as indicating amounts of
evidence against the null, and their definition does not need to refer to any specific alternative
H1. Exactly the same holds for e-values: the basic interpretation ‘a large e-value provides
evidence against Ho’ holds no matter how the e-variable is defined, as long as it satisfies (I]).
If they are defined relative to H; that is close to the actual process generating the data they
will grow fast and provide a lot of evidence, but the basic interpretation holds regardless. In
contrast to evidence based on standard p-values however, (a) e-based evidence has a concrete
additional interpretation in terms of money (the higher E, the more money one has gained in
a game that is not favourable under the null); (b) it remains valid under optional continuation,
and (c) unlike the p-value, it is compatible with (provides the same evidence as) likelihood
ratios do in simple-vs.-simple testing — the one case where the use of likelihood ratio as
evidence is standard.

Concerning the Bayesian approach: despite their monetary interpretation, all e-variables
that we encountered can also be written as Bayes factors, and Theorem [1| strongly suggests
that this is a very general phenomenon. Subjective prior knowledge can be accounted for
using the W7-GRO e-variable (Section , whereas maximin optimal GROW and REGROW
e-variables sometimes correspond to ‘objective’ Bayes approaches based on Jeffreys’ and/or
right-Haar priors. Still, there seem to be two fundamental differences: first, in a standard
Bayesian analysis, one would require error guarantees and safety under OC wunder the prior
instead of under all P € Hg, and second, one would insist on using full, standard likelihoods
— whereas e-variables may also be based on partial (Ter Schure et al., 2021) or Dawid’s
(1997) prequential (Waudby-Smith and Ramdas|, 2021) likelihoods rather than full likelihoods
— which then however may be combined with priors (on #;) after all. Even though we
emphasise Type-I error safety throughout, because of this generic freedom in using priors on
H1 the link to Bayesian methods remains close.
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The Dream With the massive criticisms of p-values in recent years, there seems to be
growing consensus that, in the context of hypothesis testing, p-values should either not be
used at all, or at least, with utter care (Wasserstein et al., 2016, Benjamin et al., 2018).
Yet otherwise, the disputes among adherents of the three schools continue. For example,
some highly accomplished statisticians reject the idea of testing without a clear alternative
outright; others say that such goodness-of-fit tests are an essential part of data analysis. Some
insist that significance testing (with binary decisions) should be abolished altogether (Amrhein
et al., 2019)), others (perhaps slightly cynically) acknowledge that significance may be silly in
principle, yet maintain that journals and conferences will always require a significance-style
‘bar’ in practice and that therefore such bars should be made as meaningful as possible.
Finally, within the Bayesian community, the Bayes factor is sometimes presented as a panacea
for most testing ills, while others warn against its use, protesting, for example, against claims
that Bayes factors can ‘handle optional stopping’ (Hendriksen et al., 2021).  Wouldn’t it be
nice if all these accomplished but disagreeing people could continue to go their way, yet would
have a common language or ‘currency’ to express amounts of evidence, and would be able to
combine their results in a meaningful way? This is what e-variables can provide: consider three
tests with the same null hypothesis Ho, based on samples Y (1), Y(2) and Y 3) respectively.
The results of a GROW e-variable test aimed to optimise power on sample Y ;) for § > 5t an
e-variable test for sample Y (3) based on a Bayesian prior W7 on H; and a Fisherian e-variable
test in which the alternative H; is not explicitly formulated, can all be multiplied — and the
result will be meaningful, both in terms of monetary gain and in terms of error probability.

Acknowledgments Many thanks to A. Barron, J. Berger, R. Frongillo, P. Harremoés, A.
Hendriksen, A. Henzi, A. Ly, R. Meester, M. Perez, A. Ramdas, J. ter Schure, G. Shafer, R.
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Appendix

A Theorem , Corollaries and Conditions

Here we prove Theorem [T and its Corollary 2l We also, in Appendix discuss the required
regularity conditions for Theorem [I|and we prove that they are applicable in all our examples.

A.1 Proof of Theorem (1, Simplest Version, and Corollary

The proof of the first version of Theorem [l|relies on quite technical results from Li (1999), but
if the minimum in is achieved by some prior W, and under the further condition that
we can exchange differentiation and expectation, then the partial and crucial result that
is an e-variable has a very simple proof, which we provide first as a ‘warm-up’: evaluate the
derivative f(a) = (d/a)D(Q|(1 — o) Pw; + aly) at a = 0 for arbitrary § € ©p and note that
it is > 0 iff Ev~q[pe(Y)/pw; (Y)] = Eyp,[a(Y)/pw; (Y)] < 1. Differentiating again gives
that f(«) is convex, and the result follows from convexity of Py := {Py : W € W(©y)}.

We proceed to give the complete and fully general proof. Note that Py is convex, and (by
assumption of the theorem) every distribution in Py as well as @ has a density relative to p
and infpep, D(Q||P) < co. These three givens allow us to use a range of results about the
reverse information projection (RIPr) established in the Ph.D. thesis (Li, 1999) (additional
proofs of (extensions of) all of Li’s results we need below can be found in the refereed paper
Grinwald and Mehtal (2020)).

First, the existence and uniqueness of a measure Pj (not necessarily a probability measure)
with density p§ that satisfies D(Q||Py) = inf pep, D(Q||P) (i.e. it is the RIPr), and furthermore
has the property

Y
for all p that are densities of some P € Py: Ey.g [p*((Y))] <1, (33)
Po

follows directly from (Li, 1999, Theorem 4.3). But by writing out the integral in the expecta-
tion explicitly we immediately see that we can rewrite as:

. a(Y) | _
for all P € Py: Ev.p I:pa(Y)] <1
Li’s Theorem 4.3 still allows for the possibility that [ p{(y) du(y) > 1. To see that in fact this
is impossible, i.e. p§ defines a (sub-) probability density, use Lemma 4.5 of [Li (1999)). This
shows that E* = ¢(Y)/p;(Y) is an e-variable, and (using that Pj is the RIPr) the second
and third equality of @[) The final line of the result (‘if ... then Py = Pyy;’) follows directly
from Lemma 4.1 of |Li (1999).
It remains to show the first equality of and essential uniqueness of E*. For the former,
it is sufficient to show that for all e-variables, i.e. all E € £(0y),

EYNQ [log E] < EQ [log E*] . (34)
To show this, fix any e-variable £ = e(Y) in £(0p). Now further fix ¢ > 0 and fix a
Wiy € W(Oy) with D(Q||Pw,,)) < infy,ewo,) D(QlPw,) + €. We must have, with ¢'(y) =
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e(y)pw(e) (y), that [¢'(y)dp = EYNPW( )[E] < 1, so ¢ is a sub-probability density, and by
properness of the log scoring rule,

¢ (Y)
pw, (Y)

(Y)

Wi (Y)

Eqllog E] = Eq |log <Eq

W(©o)

] — D(@IPw,) < inf D@ Pwg)+e

Since we can take € to be arbitrarily close to 0, follows.

To show essential uniqueness of E*, let E be any e-variable with Eg[log E] = Eg|log E*].
By linearity of expectation, E' = (1/2)E* + (1/2)FE is then also an e-variable, and by Jensen’s
inequality applied to the logarithm we must have Eg[log E'] > Eg[log E*] unless Q(E =
E*) = 1. Since we have already shown that for any e-variable E’, Eg[log E'] < Eg[log E*],
it follows that Q(E # E*) = 0. But then, by our assumption that @ has full support, i.e.
q(Y) > 0 hold p-almost everywhere, we must have that Py(E # E*) =0 for all § € ©, so E*
is essentially unique.

Proof of Corollary Let Wy be as in the corollary statement. By definition of E* as
in Theorem (I}, simplest version, and then using strict convexity of the KL divergence in its

second argument (Cover and Thomas, [1991) and the fact that D(Q|P) is minimised, over
Pe{Py:W e W(Oq)}, we have:

Eo [log B*] = D(Q|IF}) < D(Q|Pw) = Eo [bg < }

so that, if ¢/pw, were an e-variable, we would have a contradiction with the first equality in

(L1).

A.2 Proof of full version of Theorem

The proof consists of two sub-parts, Part (a) relying on the simple version of the theorem
presented in Section [2[ and proven above (henceforth called ‘the simple theorem’), and Part
(b) relying on a nonstandard minimax/saddle-point theorem from Griinwald and Dawid, (2004))
(GD from now on), itself relying heavily on an earlier result from |Topsge, (1979).

Part (a). We first show that Ef as in is an e-variable. This follows by the simple

theorem, with V in the role of Y, @) in the theorem statement substituted by PQ,? and Py for
W € W(©y) replaced by P{E‘\/ﬂ and using that implies that infyy, )y, @) D(P‘%] HP‘%]) <
0o. Next, we show that if holds for Ef as in , then all e-variables F for which it holds

must be essentially equal to Ef. To see this, suppose that E is another e-variable satisfying

. Then we have

ot (By.p,llog 2] = J(W) ) = DIARHIB™) = 1(W]) = Byoop,, |log B | — 7(W7)

as follows by writing out the definition of D(:||-). On the other hand, using the definition of
inf, we must have

Wigval( Ey~pyllog E] = f(W) ) < Ey.p, [log E] — f(W7).

39



The only way these two displays can be reconciled is if Ey~p,,. [log E] > Ey.p,,. [log Ef ]
1 1

But since Ef is the RIPr of PIEI\,?, we can use the simple theorem again, applied with Py in

the role of Q and H; = {Py; }, to conclude that Ef must be essentially equal to E. The final
line of the fully general Theorem [I] follows again by reduction to the analogous statement of
the simple theorem.

Finally, we will use the simple theorem to show the following one-sided version of :

i - < - _ < p(PM PV _ p
it (Ey~py (log B] f(W))_E:;(%O)ngvl(EY~Pw[logE] FW)) < D(Py; 1By ") —f(Wr).

(35)
The first inequality is trivial since Ef € £(©g). The second follows if we can show that

. - e -
E:&%O)WIQ%EPWUO%E FOVI < nf b (D(Pw|[Pwy) = fW1)) - (36)

and recognizing that by assumptions of the theorem, the right-hand side of coincides with
the right-hand side of . To prove , note that by the simple version of the theorem we
already have for each fixed W7 € W; that

inf  D(Pw,||Pw,) = sup Ep, |logFE
with, DB Fu) = sup Eny, llog

and this directly implies the inequality by adding — f (W) to both sides and using a standard
“inf sup > supinf” argument (the trivial side of the minimax theorem). The equality follows
by assumption of the Theorem.

Part (b). Taking stock, we see that the only thing that is left to prove is with the
reversed inequalities. For this, it suffices to show that

DRI ~ fW) < inf B flog B — (7)) (37)

Since all distributions occurring in are marginals on V, and EY can be written as a
function of V, we will from now on simply refer to the marginal densities on V corresponding
to Py as pw (rather than pj;, as in the main text), and we will omit the superscripts [V] from
P; thus we take as our basic outcome now V rather than Y.

We will show the stronger statement that holds with equality, by using a mini-
max/saddle point result that holds for general functions L : ©1 x W) — R U {oo} such that
LWy, Wy) = Eguw, [L(0, Wy)] is well-defined for all Wy € Wy (the condition ‘well-defined’
is necessary since the expectation is over a function that may neither be bounded from below
nor from above; see for example Section 3.1 of GD for the (standard) definitions). These L
are interpreted as loss functions, with #; € ©; denoting a state of nature and W an arbitrary
convex set, of distributions on ©1, each W € W), being interpreted as an action. Following GD,
we can associate a decision-theoretic entropy H(Wy) := infy,ew Lo(Wy, Wy) = L(Wy, Wy)
with any such L. The following result holds for all ©1, W; and L as defined above but we will
apply it to the instantiation of ®; and W, in Theorem [I}

GD’s Theorem 6.3 Assume that (a) L is a proper scoring rule, i.e. for all Wy € Wy,
H(Wy) = L(Wy, Wy). Suppose that (b) W} € W is ‘maximum entropy’ i.e. supyy, ¢y, H(Wy) =
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H(W{) < oo and (c) the lower semi-continuity condition below holds. Then (W, W}) is a
saddle-point relative to L, i.e.

H(WY) = L(W{,Wy) = sup L(W,W7). (38)
Wews

Lower Semicontinuity Condition (GD’s Condition 6.1) Let (W,) be a sequence of
distributions in W; such that H(W,,) is bounded below and such that (W) converges weakly
to some distribution W° on ©1. Then L(W*°, W) is well-defined for all W, € W and for all
W' ew, LW, W°) < liminf, . L(W',W,).

We now define the specific loss function to which we will apply the above theorem. W,
and ©; are defined as in the statement of Theorem implies that D(Py; || Fy) < oo for
some Pj with density pj. Similarly, P must have some density py under all W € W;. We
can therefore define, using these densities,

6.W4) = By, [~ g o) o)

L(Wy, We) = Egyp, Evep, [— log p;?((;;) _ f(@)} .

Since Py has full support for all § € ©1, Py has full support and so pj (V) > 0 a.s. under Py
and hence under all Py with # € ©;. Similarly py (V) > 0 a.s. under all Py with § € ©;. Thus,
the quantity inside the expectation is almost surely well-defined. To see that the expectations
are themselves well-defined (using standard definitions, see again Section 3.1 of GD), note that
we can write

L(Wy,Wy) =+ Ew,Ep, [— log pW”] +Ew,Ep, [— log pw:N] —Ew,Ep, [f(0)],

— Ew,Ep, [— log %] — Ew,Ep, [— log Z;Mf] + Ew,Ep, [f(0)]_
Nd— 0 —

with [z], := max{z,0} and [r]_ = max{—x,0}. The expectation would be undefined iff there
is both a term equal to co and a term equal to —oco on the right. We will show that this is

not the case. We assume f(6) bounded, and, under our finite KL condition, D(Pw, || Pw,) =

Ew,Ep, [— log M} —Ew, Ep, [— log 2%u | < 0, so we only need to worry about the terms
Pwy + Pwy | _

involving pj. But these are also the positive and negative parts of a minus KL divergence, so

the full expectation is well-defined as a number in R U {—oco0}. The expectations are therefore

welldefined and we can write
LWy, Wy) = D(Pw, || Pw,) — D(Pw, || F5) — Egw, [ £(0)] (39)

and analogously for L(6, Wy).

Applying GD’s theorem to L We apply GD’s theorem to the loss function L above with
Wi as in the statement of the theorem. From (39) we see that L(WW", W) is minimised, over
Wi, by W = W} and then finite, so that GD’s requirements (a) and (b) hold for loss function
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L. We can now reason as follows. If the lower semicontinuity condition (c) also holds, then
the theorem applies and implies, taking minus on both sides,

* * . *
—L(Wi,Wy) = ng\h —L(W, WY).

which, rewriting the left-hand side using and the right-hand side using definition of L, is
in turn seen to be equivalent to , and the desired result follows.

It thus only remains to show that the lower semicontinuity condition holds. Using we
can write H(Wy) = —D(Pw, || P§) + f(Wy) for all Wy € W,. Take a sequence (Wp,),, and W°
as in the condition. Then (P, ), converges weakly to Pyo (this is easy to see but see the
proof of Lemma 9.2. of GD for an explicit proof). Since also f is bounded, f(W,,) converges
to f(W?). Also, for some K € R, for all n, we have H(W,,) > K so for some K’ € R, by
boundedness of f, we have, for all n, D(Py, ||P;) < K’ < co. By Posner’s (1975) theorem,
D(Pyw || F}) is lower semi-continuous in its first argument. Posner only proves the result for
F; a probability measure; but it still holds even if Fj is a strict sub-probability measure,
since then p'(Y) = p§(Y)/ [ p5(Y)dp = 1 represents a distribution P’ and the result follows
by applying Posner’s result to P’ and noting that D(Pw||Fj) = D(Pwl|/P’") + C for some
constant C not depending on W.

The lower-semicontinuity in the first argument implies D( Py || FPy) < liminf, o D(Pw, || F) <
K’ < c0. Following an argument exactly parallel to the proof of well-definedness for L(Wy, W)
given above, it now follows that L(W*°, W) is well-defined for all W, € W as required. Next,
using , we see that it is sufficient to show that for all W € W;:

n—r00

But this again follows directly from Posner’s theorem, which also says that KL divergence is
lower semi-continuous in its second argument.

A.3 Remarks on and Checking of Conditions for Theorem

The Full Support and Finite KL Condition Requiring full support in the simplest
version of the theorem ensures that E* is a.s. well-defined: without it, there may be an
outcome y such that for some 6 € ©g, Py(y) > 0 whereas Py,(y) = Q(y) = 0. Then E*
is undefined with positive probability under this 6. The finite KL condition D(Pp||Py) < o0
imposed in the generalised versions of the theorem is just slightly stronger than the full support
condition. It is required to make sure that all expectations in the proof are well-defined.

For standard parametric models in standard parameterisations (e.g. all multivariate expo-
nential families in their mean-value parameterisation), both conditions will hold automatically
as long as one excludes points at the boundary of the parameter space, if those exist. For ex-
ample, in the 2 x 2 setting without a pre-specified effect size we restrict ©1 to (0, 1)?, requiring
the Bernoulli probabilities py), and gy, to be non-degenerate. But, since the condition only
refers to ©1, it is 0.k. to set Oy = [0, 1] to include the boundary points in the null.

Additional Condition: Existence of W The requirement for composite H; that a W7
exists achieving the minimum in is strong in general, but it holds in all our examples with
composite H1: Example 4| (W7 is shown to be a point prior in the example), Example [5| (since
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there we restrict ©1 to be compact) and Example |§| and m (here verifying the condition requires
some work, see below). It also holds in the t-test setting underneath Theorem [2f with effect
sizes 6T and 6~ (W7 reduces to a point prior on §1). By allowing e-variables to be functions
of V that are themselves functions of Y (i.e. (Y )-measurable) as in the latter example, we
make the condition considerably weaker.

Applicability of Theorem (1| and existence of minimizing W and W in Example |§|
and@ We have H1 = { Py, , iy  (H1]a> f1p) € ©1} and Ho = {F, : pp € O}, O = [0, 1] with
definitions as in Example 2| In Example @, we take ©1 = (0,1)? and we can take Oy = [0, 1]
or ©p = (0,1) (the same minima will be achieved in both cases). In Example [7| we take
O1 = {(k1]a> #1ja +9) : 0 < p14 <1 =6} and B9 = (0, 1).

We only give the proof for Example [6} the proof for Example [7] is entirely analogous.

The requirement for applying Theorem [1| that Py, Py with 6,60" € ©1 satisfy D(Py||Py) <
00, and have full support trivially holds by our exclusion of the boundary points in ©;. The
only remaining condition for applying Theorem [I] is the existence of a KL minimizing prior
W7, We will show the stronger result that there exists a pair of minimizing priors (W{, W)
with Wi € W(01) and W € W(0Oy) such that

inf D( P P — f(WY)) = D(Pw+||Pw+) — f(W; 40
W1€W(@11)I,IW0€W(@O)( (P |1 Pw,) — f(W1)) (PwyllPw;) — f(WY) < oo, (40)

with f(W) = E(pua,u”b)fvw[f(ﬂuaaM1|b)] and f(/h\aaﬂub) = D(Puua,uub”Pu") with £° as in
. We do this by first, in Part (a), showing that there exists such a pair with W; € [0, 12,
i.e. with ©; extended to include its boundary points. We then, in Part (b), show that the
resulting W{ puts no mass on these boundary points, so that it also achieves the minimum on
W(©,).

Part (a) The sets W([0,1]?) and W(6g) are convex and compact in the weak topology;
by Posner’s (1975)) theorem, D(Pw,||Pw,) is lower-semicontinuous in its second argument
in the weak topology on {Py, : Wy € W(O)} and hence on W(0Oy) itself (see Section
9 of GD) and f(W) is linear and bounded on W(©y); this shows that for each Wj, the
corresponding minimizing Wy is achieved; since D(Pw, || Pwy) < D(Pw,|[P1j2) < oo (with
Py 5 € Ho representing Bernoulli(1/2)) and f is bounded, the finiteness in (40) is guaranteed
as well. To see that the minimum Wj is achieved as well, note that, again by Posner’s
theorem, D(Pyw, || Pw,) is also lower-semicontinuous in its first argument in the weak topology
on {Py, : W1 € W([0,1]*)}. The same argument as before now gives that the minimum W7
is achieved.

Part (b) It now suffices to show that Py has full support, for this implies that Wy assigns
mass 1 on ©1 = (0,1)% and then W must assign mass 1 on (0, 1) (otherwise the KL divergence
in would be infinite, and we already established it is not). To show full support of Py,
note that by symmetry considerations, we must have that, with our choice of f,

M = D(Pw; |Pw;) — f(W7) = D(Pwe | Pwg) — f(W7) (41)
for a prior Wy such that, for all y € {0,1}", pwe(y | x) = pwy (y' | x) with y’ is the
modification of y with all Os and 1s interchanged, and similarly for Wg. Now if Py would
not have full support, we have PWI*(Yl =y,Ys = y2 | X1 = a,Xo = b) = 0 for some
(y1,92) € {0,132 Then Py (Y1 = 41,Y2 = %2 | X1 = a, Xy = b) = 0 for j; = 1 —y;.
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But infyyepwey) D(Pw; || Pw,) — f(WT) as a function of WY is easily checked to be strictly
convex on W(01), so by we must have that, for W’ = (1/2)W7 + (1/2)W7, it holds that
infy,ew(e) P(Pw || Pwy) + f(W') < M. But this contradicts that M is the minimum. This
shows that Py has full support.

Finiteness of Support in Example [6] and We claimed that the supports of the priors
W7 and W§ in Example |7 (restricted ©1) are finite. In fact they are finite also in Example |§|
(unrestricted ©1). We verify this for W}, the case for Wi is analogous. Note that for given
sample size n, the probability distribution Py is completely determined by the probabilities
assigned to the sufficient statistics Nyjq, Nqp. This means that for each prior W € W(©,),
the Bayes marginal Py can be identified with a vector of M,, :== (nq+1) - (np + 1) real-valued
components. Every such Py can also be written as a mixture of Py’s for 6 = (1)1, Mb|1) € 01,
a convex set. By Carathéodory’s theorem we need at most M, mixture components to describe
an arbitrary Py as a mixture of the Py’s; this proves the claim.

B Additional Clarifications and Proofs
B.1 Section

We discuss two extensions of the filtration to be used in Definition [II For concreteness and
simplicity we consider the sequential set-up of Section [5| in which, for each study m, there is
an underlying data stream Y, 1, Ym0, .. ..

Filtration: Conditional Distributions In the 2 x 2 setting the ©1 represent conditional
distributions of ¥ | X. While neither Section nor Section [5| formally allowed for that
setting, the extension is straightforward. We simply assume the underlying streams are of
the form (X 1,Ym1), (Xm2,Ym2),... (with, in the 2 x 2 example, X,,; € {a,b}). The
distributions in #; are now extended to define a random process of independent outcomes
with the same conditional distribution for a single such stream (X, Y1), (X2, Y2),..., i.e. for
all 01 € ©1, we set py, (y" | 2™) = Pp, (Y™ = y" | X" = a™) == [, po, (yi | x;). We then
only need to extend Definition [T] of conditional e-variables to deal with this extension. This is
achieved by setting F(,,_1) in the definition to o(Ym=1) X (m),

Filtration: Side Information Now we consider how the set-up can be extended to deal
with side-information that may be used e.g. after j studies to decide whether to start a new,
j—+1st study at all, and if so, what the sample size of that study will be. For this we again need
to extend Hp and H;p so that its elements define a conditional random process, with at the
time that the j-th study has just been observed, also the additional variables Ry),..., Ry
observed. Even if there are underlying streams of data Yj1,Yj2,... so that the Y ;) have an
internal structure, the R ;) are not required to have such a structure. To make all desired prob-
abilities well-defined and at the same time make sure that the side-information is really exter-
nal, we impose a conditional independence on the underlying stream: under each P € H, for
each m,i € N, the conditional distribution of Y, ; given Y¥,%~! and R~ is defined to be the
same as the distribution under P of Y,,,; given Y,i=1 which is already well-defined once H, is
specified. With this definition, we can set JF;) = (YU, RY) (or Fijy = o(YW) R XU+1)
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if the H; already contain conditional distributions, or ;) = O'(U(j), RU), X(j+1)) with UU) a
coarsening of Y@ if required, such as in the ¢-test setting). Focusing on the simplest case with
Fi) = o(YW RUY)), the construction ensures that Ep[E;) | YU~ RU-D] <1 (and hence
we have safety under OC) in both cases discussed in Section |5} we can either use the plug-in
application of any e-variable specification, or, if the specification is seqdec, we can also use
the sequential application. Note that with this construction, the RY) are allowed to depend
on Y(y),..., Y in unspecified ways. This is unproblematic because (other than in the case
with conditional distributions and X +1)) the E(;,1) cannot depend on RUTD . For example,
based on what she sees in the Y ;), your boss may decide to announce ‘we have money to do
an additional study with 100 patients’, which can be encoded as a particular outcome of R;.
This may then be used to decide to continue (i.e. set 7 in Proposition [2| to be larger than j)
and set N(;, 1) to be 100.

B.2 Section

Proof of Proposition The monotone likelihood ratio property implies stochastic domi-
nance (Lehmann et al., [2005)), i.e. with P[T] denoting the distribution of the statistic T', we
must have Ep,7[f(T)] > Ep,[f(T)] for 6 > ¢' and every increasing function f. This implies
that

D(Ps+||Py-) = EY~P5+ [log Zji Ei;] = 5i>n§f+ Ev~p; [log iji Ezi] . (42)

We also have, by the same stochastic dominance result, for § <,

) <P [ -

so that E* = ps+(Y)/ps-(Y) is an e-variable, which directly leads to the first inequality in
the chain of (in)equalities below. The first equality follows by , the second because,
since E* is of form ps+ /pw,, with Wy € £(0©p) (namely, Wy puts all mass on §7), it must,
by Corollary [2| be the GRO-e-variable for testing between ©] = {6} and ©¢. The final two
inequalities are immediate:

Evy.ps [

Y Y
sup inf Evy.p, [logE] > inf Ev.p, [log Py )] =Ey.p,, [l Po+( )] =

0g
E€E(0g) 60T 5>6+ ps—(Y) ps— (Y)
sup Ev.p . [logE]> inf sup Evy.p,[logE]> sup inf Ey.p, [logE]. (43)
EEE(@O) ot 5>t Eeg(@()) o EEE(@O) >0t 0

This chain of inequalities implying that all its parts are equal, the result follows.

B.3 Section

Proof of follows from (Lai, 1976, page 273) or as special case of Theorem 2.1.
of Berger et al.| (1998), but the first proof leaves out details and the second is very abstract,
so for convenience we give a direct proof. For simplicity restrict to the case with W putting
all its mass on a particular §. Fix arbitrary ¢ > 0 and n > 2 and note that V; € {-1,1}
and Ps(Vi = 1) = P5,(Y1 > 0) (note that p’WM(Vl) is a probability mass function, whereas
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ﬁ%/v[ 5](W | Vi~1) is defined as density relative to Lebesgue measure for i > 1). We must then
ave:

Ps(Vi =1) - ps(vg,...,v0 | V1 =1) = P5(V1 = 1) /0 D5yl /1y | (0" | Y1 = y1)ps.o(y1 | Y1 > 0)dys
oo M v 2
:/ H ( . @ - e ;(U/‘yll 5) ) . ( 1 e %(ﬂ 5) )dyl
0 9 Va2r O V2mo?
0o T 2
:/ H(l.’yl‘.eé<a/y1| 5) ) -idyl
0 I \W2m oo 1]

>/ 11 _1(%_5)2> T /°° a ( 11 _1(%-_5)2) 1
— - . —.e 2\7F R dr = — . .e 2\7 . —d
/0 £[1<‘/2W T o T 0 1:[ Vo2r T T T

=1
Here in the first equality we used that, given Y; = y1, the V; are independent Gaussian, with
variance o/[y1| and mean Jo/[y:1| hence effect size 0/|y1| and hence density ps/|y,|o/jy|- The
second equality replaces the conditional density of Y; by the marginal (so that Ps(V; = 1)
cancels) and exploits that y; = v1|y1|, the third is a standard change-of-variable from o /|y |
to 7 using the Jacobian transformation and the fourth is immediate.
This shows the desired result if V7 = 1. The case for V; = —1 is analogous.

dys
dr

Applicability of Proposition |3| to the t-test Setting (Section underneath Theo-
rem [2) A simple calculation gives that p, (V)/pl_ (V) can be re-expressed as a density ratio
of the t-statistic T' = t(Y), i.e. ps (V) /ps- (V) = pi. (t(Y))/p5- (t(Y)), where pj is the density
of a noncentral t-distribution with v := n — 1 degrees of freedom and noncentrality parameter
p = y/nd. But these densities are well-known to form a monotone likelihood ratio family in
the T statistic, so that we can apply Proposition [3[to {p§ : § € A}.

B.4 Section |§|

Determining Sample Size for a Desired Power Consider a 1-sided test for the normal
location family with variance 1 which rejects if i > f(n)/+/n where i is the MLE at sample
size n and f is some increasing function of n. We want to find the smallest n at which we
achieve power 1 — § under mean 4, i.e. such that

Ps(Vn(jip—0) = f(n) = 0v/n) > 1 - B,

where under Py, the Y1,...,Y,, arei.i.d. N(4,1). This is the smallest n at which f(n)—dy/n >
—2g, i.e. y/n > (23 + f(n))/0. The standard result for n,, now follows by taking f(n) = za.
For the Bayesian test, to very good approximation, f(n) = /6 + logn (Example . Since,
N Bayes, the smallest n for the Bayebian test must be larger than N, it satisfies 1 payes/Mnp >

(25 + /6 +10g npayes)? /(28 + 2a)? > (25 + /6 + lognny)?/(25 + za)?, giving a logarithmic

factor as claimed.

Brownian Motion Fix a > 0 and, for a standard Brownian motion X; = B; + ¢t with drift
¢, define S = min{t > 0: X; > a}. The distribution of S is well-known (see e.g. (Bhattacharya
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and Waymire, 2021))) and has density given by
aexp <— (a_QZS)Q )
V2ms3

Fix 6 and let n; = t/6% and T = {62,262,36%,...}. Consider, for ¢t € T, the discrete time
process

fa,c(s) = (44)

ps(Y"™)

po(Y™)

where ps is the density of Y under N(4§,1). Writing out the definition and re-arranging, we
find that if ¥7,Y5,... are i.i.d. ~ N(§,1), then for all 7/ C T the conditional distribution
of Wy given {W, : t € T’} (in particular, this includes the marginal distribution of W; if we
take 7' empty) agrees with the conditional distribution of X; = By + (1/2)t and we can thus
approximate the distribution of the first time when W; exceeds — log @ by the distribution with
density with ¢ = 1/2 and a = —log @ — the distribution of the first hitting time of By
will be shifted slightly to the left, because when stopping W; we are only checking the process
at intervals of size 62. Intuitively, as § | 0, we expect the distribution functions to converge.
To make this concrete, let gg be the 8-quantile of the distribution given by f_i5q,1/2(s). We
want to calculate nmax(3), the smallest n such that Ps(m; < n) > 1—/, i.e. we want to find the
smallest n such that, with t* = §?n, we have Ps(6?m, > t*) < 3. The correspondence between
W; and X; suggests that in the limit for § | 0, t* converges to gg, giving that nmax(8) ~ Cs0/6
with Cgo = gg and Ep[73] ~ 023’0/52 with Cf = foq(ﬂ) tf(t)dt + Byp.

Wy = log
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